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Abstract

In this master thesis we consider the problems of beyond standard model physics, espe-
cially the electroweak symmetry breaking and the naturalness problem of the standard
model. We motivate that experiments (e.g. the LHC) will find new physics if unitarity
in the partial wave amplitudes ofWW scattering holds. We then consider technicolor
models and in depth the case of the techniquarks transforming under higher dimen-
sional representations of the gauge group, in particular the two-index symmetric repre-
sentation ofSU(2). Effective theories are constructed and signatures are considered.
Next considerations on cosmological implications for the model is made and a dark
matter candidate, which is a technibaryon and a Goldstone boson with a conserved
(techni)baryon number, is expected to contribute a relic abundance. By applying earth
based direct search limits we are able to tell what percentage of dark matter the candi-
date can constitute. Finally the topic unification is considered and it is found that the
model in question unifies far better than the standard model per se. We conclude by
suggesting future directions.



Resuḿe

I dette speciale kigger vi på problemerne i udvidelserne afstandard modellen, specielt
det elektrosvage symmetribrud og naturlighedsproblemet istandard modellen. Vi mo-
tiverer, at hvis unitaritet i delvise bølge amplituder iWW stød holder, så vil eksperi-
menter (fx. LHC) finde ny fysik. Vi undersøger technicolor modeller og tilfældet, hvor
techniquarkene transformerer under højere dimensionale repræsentationer af gauge
gruppen, specielt den to-index symmetriske repræsentation af SU(2), i dybden. Ef-
fektive teorier bliver konstrueret og signaturer bliver undersøgt. Derefter undersøges
implikationerne af mørkt stof for modellen og en mørk stof kandidat, som er en tech-
nibaryon og samtidig en Goldstone boson med et bevaret (techni)baryon nummer,
konstrueres og vi forventer at den bidrager til det oprindelige overskud. Ved at an-
vende grænser fra jordbaserede direkte undersøgelseseksperimenter er vi i stand til at
forudsige hvad procentdelen af det mørke stof, som vores kandidat partikel vil udgøre,
ville være. Endeligt bliver emnetforening af gauge kræfterundersøgt og vi finder ud af
at modellen forener sine kræfter langt bedre end standard modellen alene. Vi afslutter
derefter ved at forslå hvad de fremtidige emner kunne være.
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matter computations.
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CHAPTER 1

Introduction

The Standard Model (SM) that up to now successfully describes most of all exper-
iments in high energy particle physics to great precision (e.g. LEPII at CERN) is the
following gauge theory

SU(3)c × SU(2)L × U(1)Y , (1.1)

which is the direct product of the gauge groups of the color force, the weak force and
the hypercharge, respectively.

Phenomenologically it is known that the low energy gauge symmetry is just

SU(3)c × U(1)em , (1.2)

where only the strong force and electromagnetism are present. So a symmetry breaking
has to occur at some energy scale (the electroweak scaleΛew ∼ 246 GeV).

In the SM the Higgs mechanism is used to spontaneously break the electroweak
symmetry down to that of electromagnetism and at the same time provide mass terms
for the fermions through Yukawa couplings to the neutral Higgs field. An introduction
to the Higgs mechanism can be found in many places in the literature, e.g. in Peskin
and Schroeder [9] and in Ref. [10].

First we will motivate the study of the electroweak symmetrybreaking by general
arguments that model independently states, why we can expect to gain knowledge on
this field by imminent experiments such as the Large Hadron Collider (LHC) at CERN
and the International Linear Collider (ILC). Then we will motivate why the SM is
theoretically unsatisfactory and how this leads to e.g. technicolor. This includes the
naturalness problem and the triviality problem, which we will explain shortly.

In the next chapter we will briefly introduce technicolor andits extension, extended
technicolor (ETC) and then explain, what are the problems with the traditional QCD-
like technicolor and finally how we can resolve some of the problems via higher di-
mensional representations of the technicolor gauge group.We will then make effective
theories of the technicolor model which will be, in a phenomenological sense, the most
attractive (in the class we will consider) and these effective theories can then be used
for computations at low energy. Then we will compute the associated Feynman rules
for the linearly realized effective theory.

In Chapter 3, we will first make a brief introduction to dark matter and then make
the calculation of the relic density of a specific dark mattercandidate from the tech-
nicolor model we investigate in depth. Using that we have a conserved technibaryon
number and that the particle is only weakly interacting, together with the experimental
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limits from earth based dark matter search experiments, we can predict what is the relic
abundance, in percent of the measured dark matter density, and what is the mass of our
particle.

In Chapter 4, we consider the interesting topic of unification of the SM gauge forces
and investigate what is the impact of the new technicolor gauge force on the SM gauge
forces.

In Chapter 5, we briefly mention the ongoing research in competing models in
technicolor theories, but also refer to the literature for other types of models, e.g. su-
persymmetric models and little Higgs models.

Finally, we conclude by a summary and present an outlook of where to go next.

1.1 Electroweak Symmetry Breaking

It is possible to estimate at what scalenew physicshas to set in, using unitarity. In
the literature there are several ways to do this.

One way to go is to use the equivalence theorem [11, 12, 13]. Inwords it says that
the Higgs mechanism transmutes the Goldstone bosons, coming from the electroweak
symmetry breaking (SU(2)L × U(1)Y → U(1)em), which we here will denote by
Π± andΠ0, into the longitudinal gauge boson modesW±

L andZL.1 This is seen by
performing a gauge transformation into the unitary gauge. In equations it relates the
physical S-matrix amplitudes involvingW±

L andZL to amplitudes withΠ± andΠ0

M
(
W±

L (p1),W
±
L (p2), . . .

)
= M

(
Π±(p1),Π

±(p2), . . .
)
Rξ

+O
(
MW

E

)
, (1.3)

whereE is the center-of-mass energy and the right-hand-side (rhs)of the above equa-
tion is in the generalizedRξ gauge and does in general depend on theξ gauge parameter
to orderMW /E.

Analogously to the pion scattering low-energy theorems, where it is known that

M(π+π− → π0π0) =
s

F 2
π

, (1.4)

it can be shown by a method similar to the current-algebra derivation of the pion am-
plitude that [14]

M(Π+Π− → Π0Π0) =
s

ρv2
weak

, (1.5)

where

ρ ≡ M2
W

M2
Z cos2 θw

, (1.6)

is equal to one in the minimal Higgs model and is preserved at tree-level, if the “Higgs
sector” has custodial symmetry (where it is understood thatby Higgs sector is meant
whatever theory is underlying/replacing the Higgs mechanism). Using Eq. (1.3) yields

M(W+
L W

−
L → ZLZL) =

s

ρv2
weak

. (1.7)

By considering the partial-wave projectionJ = 0 of the amplitude (1.7) one finds

∣∣a0(W
+
L W

−
L → ZLZL)

∣∣ =
s

16πv2
weak

=
sGF

8
√

2π
, (1.8)

1The indexL denotes the longitudinal mode
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�WL

WL

WL

WL

Figure 1.1: Diagram ofWLWL scattering (fusion) which is an interesting probe ofnew
physics at the electroweak scale.

whereGF is the Fermi constant. By the condition of partial-wave unitarity

|aJ(s)| ≤ 1 , (1.9)

the scale for which unitarity is violated, is

Λ2
SB ≤

8
√

2π

GF
≈ (1.7TeV)2 . (1.10)

A more careful analysis has been performed in the literatureby Lee, Quigg, and
Thacker [15, 16] where partial-wave unitarity in the four-channel system, consisting of
W+

L W
−
L ,

1√
2
ZLZL,

1√
2
HH, andHZL, has to be obeyed. The result is

Λ2
SB ≤

8
√

2π

3GF
≈ (1.0TeV)2 . (1.11)

It is interesting to note, that information about the symmetry breaking sector is to be
found by consideringWLWL-scattering (see Fig. 1.1) because the longitudinal modes
of the gauge bosons are exactly part of the new physics which breaks the electroweak
symmetry.

It is quite motivating, that the symmetry breaking mechanism can be probed with
collider machines, such as the LHC and the ILC which can reachthe TeV scale.

1.2 The Naturalness Problem

The hierarchy problem can be stated as the theoretical mystery that there are seven-
teen orders of magnitudes between the electroweak scaleΛew and the Planck scale
ΛPlanck. This is no problem in the SM per se. The problem comes in via the natural-
ness of the Higgs boson.

There are various ways to define the naturalness problem. If we start by taking a
look at the SM Higgs boson, its mass will acquire quantum corrections

δm2
h ∝ Λ2 , (1.12)

whereΛ is the cut-off scale to which the theory is valid. Insisting that the SM holds
until some large scale, e.g. some Grand Unified (GUT) ScaleΛGUT or the Planck
scaleΛPlanck, the correction of the mass is unnaturally large compared tothe mass of
the Higgs boson and the electroweak scale.
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The fact that the Higgs boson is a fundamental scalar leads to, that there is no sym-
metry to “protect” the mass from theseadditivecorrections. Setting the bare Higgs
boson mass to zero will not eliminate the large corrections as it is the case withmulti-
plicativecorrections. Taking e.g. quantum electrodynamics (QED), the electron mass
is protected by the chiral symmetry (U(1)L × U(1)R) which will forbid the non-zero
corrections. Such a symmetry is called a “custodial symmetry”.

It is interesting to note, that quantum chromodynamics (QCD) is natural per se, as
the scaleΛQCD is an intrinsic scale and the chiral symmetry of the fermionsacts as
custodial symmetry.

There are in general (at least) three exceptions where the Higgs boson is protected.

1 Composite scalars which first forms when the theory becomesstrongly coupled
and thus only would receive corrections of order of that scale.

2 Goldstone bosons which can have low masses due to the spontaneous broken
chiral symmetry.

3 Supersymmetric scalars have fermionic partners that are protected by chiral sym-
metry. They are thus protected via their partners. Another way to see this natu-
ralness is by computing the corrections for the Higgs boson and for its fermionic
partner, the higgsino. One then finds, that the quadratic corrections cancel out
and only logarithmic corrections are left. This is, however, only true in the case
of unbroken supersymmetry which is not observed at low energy. The so-called
soft breaking of supersymmetry is then required to be of the order of the elec-
troweak scale in order to retain the naturalness.2

Models of type 2 (from above) are e.g. the Little Higgs models. Supersymmetric
theories e.g. the minimal supersymmetric standard model (MSSM) are examples of
type 3. Technicolor belongs to the solution of type 1 and willbe further motivated in
the next chapter.

The theories not of technicolor type will briefly be discussed/compared with tech-
nicolor in chapter 5.

1.3 Triviality

Another problem with the elementary Higgs boson is that the model istrivial [18,
19, 20]. The Higgs self-couplingλ(µ) of the minimal one-doublet Higgs boson model
(i.e. used in the SM) at the energyµ is

λ(µ) ∼ λ(Λcutoff)

1 + 24
16π2λ(µ) log

(
Λcutoff

µ

) , (1.13)

whereΛcutoff is the cutoff scale. The problem here is that the self-coupling vanishes
for all µ whenΛcutoff → ∞ and thus the description of the Higgs boson is trivial.
That has also been shown to hold for two-doublet Higgs models[21]. This triviality
problem of the elementary Higgs boson means that it has to be considered an effective
description valid at low energy (i.e. at scales lower than wherenew physicssets in).
The larger the Higgs coupling is, the lower the scaleΛcutoff has to be. This leads to

2Split Supersymmetry [17] claims to have much larger breaking scale but do also give up on the natural-
ness problem.
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the so-called triviality bounds on the Higgs mass. For the minimal one-doublet Higgs
model the bound is computed in Ref. [19] to bemh . 640GeV.

This is another hint that the elementary Higgs boson is not the whole story, but
might as well be a low energy effective description. The search for the underlying
theory is then again motivated by the fact that new physics should be within the reach
of the TeV scale and thus one of the next collider machines (LHC or ILC).

1.4 Fermion Masses

Compared to the symmetry breaking scale on which an upper limit can be put,
it is not so easy to put constraints on where the mechanisms for generating fermion
masses appear. Flavor physics is also a very interesting problem and solutions have
been proposed in the context of extended technicolor, tumbling gauge theories. By
flavor physics, we mean the problem of generating the mass textures and mixing angles
etc. of the SM particles, as well as producing viable masses for all the new particles,
introduced to the theory. This area of beyond-SM physics will not be the main emphasis
in this thesis, though, and we will refer to the literature (see e.g. [22]). It is interesting
to note that there is no explanation of the flavor symmetry breaking in the SM where
only the top quark has anO(1) Yukawa coupling. Neither is there any enlightening
information to gain on the flavor symmetry breaking in the popular supersymmetric
models such as the MSSM.





CHAPTER 2

Technicolor

2.1 Introduction

Here we will only give a brief introduction to technicolor theories. There are many
great reviews of technicolor in the literature e.g. that by Hill and Simmons [22] and
Refs. [23, 24, 25, 26, 27]. Also interesting is the paper by Weinberg [28].

Following the basic idea of Farhi and Susskind [24] it is instructive to consider
the SM without a Higgs sector. Naively one would think that the vector gauge bosons
would remain massless and the gauge symmetrySU(2)L × U(1)Y unbroken. This
is, however, not true as for the fact that quantum chromodynamics (QCD) will break
the electroweak symmetry down to that of electromagnetism,U(1)em via spontaneous
symmetry breaking of chiral symmetry. The symmetry breaking vacuum condensate is
the scalar quark bilinear (considering here two-flavor QCD)

〈ūLuR + d̄LdR〉 6= 0 . (2.1)

This happens due to the attractive exchange of gluons in the spin zero, isospin zero
channel which causes condensation.

The result of the Higgs mechanism is this. The Higgs mechanism occurs and the
pions are in the unitary gauge the longitudinal modes of theW± andZ bosons. The
masses would be

MW =
gFπ

2
∼ 29MeV , MZ =

MW

cos θW
, (2.2)

which holds because of the isospin symmetry (which works as custodial symmetry).
We will now briefly show how the Higgs mechanism works. It can be understood

via the vacuum polarization tensor

Πµν(p) = −
∫
d4x e−ipx

〈
TJ+µ

L (x)J−µ
L (0)

〉
0
, (2.3)

where

J iµ
L (x) = ψ̄L(x)

τ i

2
γµψL(x) , (2.4)

is the weak current and

ψL =

(
u
d

)

L

, (2.5)
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andτ the Pauli matrices andτ+ = (τ−)† = τ1 + iτ2.
The pion decay constant is defined by

〈0|J+µ
L |π−(p)〉 = i√

2
Fπp

µ . (2.6)

The pion pole contribution to Eq. (2.3) is

Πµν(p) = − i

p2
pµpν F

2
π

2
+ . . . . (2.7)

Gauge invariance of the polarization tensor implies that itcan be written in terms of a
single Lorentz scalar

Πµν(p) = i(p2gµν − pµpν)Π(p2) , (2.8)

and the Lorentz scalar then reads

Π(p2) =
F 2

π

2p2
+ . . . . (2.9)

TheW propagator to leading order in Landau gauge is

Dµν
0 = −i

(
gµν − pµpν

p2

)
1

p2
, (2.10)

where the 0 refers to the propagator being leading order. To higher orders we need to
sum the geometric series

Dµν = Dµν
0 +

1

2
g2Dµα

0 ΠαβD
βν
0 +

1

2
g2Dµα

0 ΠαβD
βγ
0 ΠγδD

δν
0 + . . . (2.11)

= −i
(
gµν − pµpν

p2

)
1

p2
(
1− 1

2g
2Π(p2)

) . (2.12)

Inserting Eq. (2.9) the full propagator reads

Dµν = −i
(
gµν − pµpν

p2

)
1

p2 − 1
4g

2F 2
π

, (2.13)

and it is easily seen that theW -boson now has acquired a mass

MW =
1

2
gFπ . (2.14)

What we have shown is the Higgs mechanism: When a massless spin-zero particle
couples to the gauge current a mass is generated for the associated gauge boson.

In QCD chiral symmetry breaking (CSB) is driven by this quarkbilinear conden-
sate and good high-energy behavior is assured by theI = J = 0 quark-antiquark
continuum [29].

Comparing with the SM with one Higgs doublet theW mass is1
2gvweak, where

vweak is the vacuum expectation value (VEV) of the Higgs boson. To make the theory
produce the correctW mass consider an asymptotic free (confining) gauge theory with
symmetrySU(2)L × SU(2)R which is broken down toSU(2)L+R by the bilinear



2.1 Introduction 9

�gTC

U,D Ū, D̄

Figure 2.1: Technicolor condensation by techni-gluon exchange in the spin zero,
isospin zero channel.

(techni-)quark condensate, see Fig. 2.1. We here imagine a theory which is the direct
product of anotherSU(N) gauge group (of technicolor) and the SM gauge groups

SU(NTC)TC × SU(3)c × SU(2)L × U(1)Y . (2.15)

If we force the gauge current which couples to the particle, equivalent to the pion, to
be

FTC
π = vweak = 246GeV , (2.16)

then the gauge bosons will acquire the correct (measured) masses. This is a very simple
example of a technicolor model. It is simply a scaled-up version of QCD where the
condensate equivalent to the QCD CSB condensate is used to break the electroweak
symmetry at the correct scale.

In this type of QCD-like technicolor QCD results can be used to make estimates
in the technicolor sector. These results are most reliable,though, if one considers
the gauge group of typeSU(NTC) in the fundamental representation. In the large
NTC limit we can naively estimate masses of technimesons. The technicolor scale is
estimated to be

ΛTC ∼
√

3

NTC

FTC
π

Fπ
ΛQCD . (2.17)

The reason why the ratio of number of colors from technicolorto QCD is reciprocal
lies in the fact that the pion decay constant is proportionalto the square root of “colors”

F ∼
√
NcΛ . (2.18)

From this, one can deduce that the meson masses from the QCD spectrum would scale
like

Mtechnimeson ∼
√

3

NTC

FTC
π

Fπ
MQCD−meson , (2.19)

where an example could be the techni-ρ from the QCDρ meson.
The previous example of a QCD-like technicolor is just the simplest case. It is

straightforward to generalize to a more complicated model.In fact, any strongly inter-
acting gauge theory which has a chiral symmetry patternG → H , whereG contains
SU(2)L ×U(1)Y andH containsSU(2)V ×U(1)em andnotSU(2)L ×U(1)Y , will
break the electroweak interactions down to the electromagnetic one [27]. The reason
whyH should containSU(2)V , i.e. the custodial symmetry, is to satisfy the following
relation for theρ parameter at tree-level

ρ =
M2

W

M2
Z cos2 θw

= 1 . (2.20)
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�ETC

ψL
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(a)
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ETC
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(b)

Figure 2.2: (a) ETC diagram with gauge boson interacting with both techniquarks and
SM fermions. (b) Diagram giving masses to SM fermions when technicolor condenses.

2.1.1 Fermion Masses and Flavor Symmetry Breaking

In a sense the minimal Higgs model of the SM is very economicalas it also provides
fermion masses through Yukawa couplings of the type

−Γij
d Ψ̄i

Lφd
j
R , (2.21)

whereΓ is the Yukawa coupling constant,Ψ is the left-handed Dirac spinor of quarks,φ
the Higgs doublet and finallyd the right-handed Weyl spinor for the down-type quark.

This coupling is, however, not possible in technicolor theories per se, as it requires
four-fermion interactions which are described by unrenormalizable dimension-6 op-
erators. The most popular way to deal with this issue is to introduce another gauge
interaction called extended technicolor (ETC) [30, 31].

ETC theories are not the main focus of this thesis and will thus not be discussed
in depth and we will refer to the literature. However, the issue of mass generation,
flavor physics and problems with ETC models are quite important in the context of
technicolor theories so we will here briefly explain the concepts.

The ETC gauge interactions must connect the chiral symmetries of the techniquarks
to those of the SM fermions. This is done via an interaction like the one shown in
Fig. 2.2a. After technicolor chiral symmetry breaking and the formation of the techni-
color condensate, the diagram can be drawn as the one in Fig. 2.2b.

In order to set up the scene we want to introduce just a “toy” ETC-model. Consider
a model composed by a gauge groupSU(NETC), where

NETC = NTC +Ng , (2.22)

andNg is the number of SM generations. The model transforms as shown in Table 2.1.
The ETC gauge group will now be brokenNg times down toSU(NTC) as shown in
Fig. 2.3. This provides three different mass scales such that each SM family can have
different masses. This type of technicolor with associatedETC is called aone family
model[32]. Notice that the heavy masses are provided by the breaking at low energy
and the light masses are provided by breaking at higher energy scales. The estimate of
the masses generated at a certain scale will be explained shortly. This model does not,
per se, explain how the gauge group is broken several times, neither is the breaking of
isospin symmetry accounted for.

With an idea of how an ETC model could be constructed we now turn to some of
the ETC induced (dimension-6) operators which are the following

αab
Q̄γµT

aQψ̄γµT bψ

Λ2
ETC

+ βab
Q̄γµT

aQQ̄γµT bQ

Λ2
ETC

+ γab
ψ̄γµT

aψψ̄γµT bψ

Λ2
ETC

, (2.23)
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Table 2.1: Quantum numbers for a “toy” ETC model.
SU(NETC)ETC SU(3)c SU(2)L U(1)Y

UL, DL � � � 1/6
UR � � 1 2/3
DR � � 1 -1/3

NL, EL � 1 � -1/2
NR � 1 1 0
ER � 1 1 -1

SU(NTC + 3)

Λ1 ↓ m1 ∼
4π(FTC

π )3

Λ2
1

SU(NTC + 2)

Λ2 ↓ m2 ∼
4π(FTC

π )3

Λ2
2

SU(NTC + 1)

Λ3 ↓ m3 ∼
4π(FTC

π )3

Λ2
3

SU(NTC)

Figure 2.3: Breaking of the “toy” ETC group in 3 stages down tothe TC gauge group
providing three different mass scales.
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where we denote byQ the techniquarks and byψ the SM fermions. Performing a Fierz
rearrangement, following terms are the most interesting phenomenologically

αab
Q̄T aQψ̄T bψ

Λ2
ETC

+ βab
Q̄T aQQ̄T bQ

Λ2
ETC

+ γab
ψ̄T aψψ̄T bψ

Λ2
ETC

+ . . . , (2.24)

Theα-terms lead to the wanted mass terms for SM fermions

mq ≈
g2

ETC

M2
ETC

〈Q̄Q〉ETC , (2.25)

wheremq is the mass of e.g. a SM quark,gETC is the ETC coupling constant eval-
uated at the ETC scale,METC is the mass of an ETC gauge boson and〈Q̄Q〉ETC is
the technicolor condensate where the operator is renormalized at the ETC scale. The
condensate can be related to the condensate renormalized atthe technicolor scale via
following relation

〈Q̄QETC〉 = exp

(∫ ΛET C

ΛT C

d(lnµ)γm(α(µ))

)
〈Q̄QTC〉 , (2.26)

whereγm is the anomalous dimension of the operator and the integration of the opera-
tor is from the ETC scale down to the TC scale. For QCD-like technicolor theories the
coupling

α(µ) ∝ 1

lnµ
, for µ > ΛTC , (2.27)

which implies that the anomalous dimensionγm ∝ α(µ) so the integral is

〈Q̄QETC〉 ∼ ln

(
ΛETC

ΛTC

)γm

〈Q̄QTC〉 , (2.28)

which is not a big enhancement of the operator (as compared tothat of a walking type
of theory as we will see later). Therefore the mass term yields

mq ≈
g2

ETC

M2
ETC

NTCΛ3
TC , (2.29)

as the condensate is proportional to the number of technicolors

〈Q̄Q〉TC ∼ NTCΛ3
TC . (2.30)

By dimensional analysis we get [33]

mq ≈ 4π
g2

ETC

M2
ETC

(
FTC

π

)3
. (2.31)

Theβ-terms of Eq. (2.24) provide masses for pseudo Goldstone bosons via a dia-
gram like that of Fig. 2.4 and also provide masses for techniaxions [22]. This provides
masses for the unwanted massless particles that still can beproblematic phenomeno-
logically. We will later see that walking technicolor will further enhance these mass
terms.

The last class of terms, namely theγ-terms of Eq. (2.24), is the point where the
trouble comes in. Generally following terms will be induced

1

Λ2
ETC

(s̄γ5d)(s̄γ5d) +
1

Λ2
ETC

(µ̄γ5e)(ēγ5e) + . . . , (2.32)
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�ETCΠ Π

Figure 2.4: Diagram contributing to mass of pseudo Goldstone bosons via an exchange
of an ETC gauge boson inside the fermion loop.

wheres, d, µ, e denote the strange quark, the down quark, the muon and the electron,
respectively. The first term is a∆S = 2 flavor-changing neutral current interaction
which would contribute to aKLKS mass difference which is quite well-known exper-
imentally. This constrains the ETC scale to be larger than103 TeV [30] which in turn
puts an upper limit on how large masses can be generated, i.e.less than around 100
MeV (for a small coupling and number of technicolors as well as the choice of the fun-
damental representation of the gauge group). Even the mass for the charm quark will
be difficult to generate with the classical ETC model. As we will see later the problem
is ameliorated by walking technicolor.

The second term of Eq. (2.32) will induce flavor changing processes in the leptonic
sector such asµ→ eēe, eγ which are not observed.

2.1.2 Oblique Parameters

An important notion is the oblique parameters (also called Peskin-Takeuchi param-
eters) which are computed from the quantum corrections to the self energy of the gauge
bosons [34, 35]. They are important, because with those at hand it is an easy way, to
compare the effect of the quantum corrections, of the new particles in the theory, to the
experiments.

The idea is that they span a basis of the quantum corrections contributed by new
physics. The approximation is then, that the dominant effects of the new physics resides
in the gauge boson propagators. Because almost all electroweak observable contain
gauge boson propagators, the contributions of the new physics is then accounted for
when the contributions to the propagators are considered. Apriori it is not known if
this method works for a specific model, but there are many models for which it does
work out well.

There are general arguments to why it is universal to consider the contributions
to the self energy of the gauge bosons. The gauge bosons couple to all the particles
charged under the given gauge group so their self energies are enhanced by the multi-
plicity of the new particles. Contrarily, process specific quantum corrections are fixed
by flavor quantum numbers on the external legs. Experts on electroweak precision data
and data analysis then make fits and provide the experimentalpreferred values for these
three parameters which the model builder then, by relatively simple computations, can
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compare with. The definitions of the parameters are the following

α̂(MZ)T ≡ Πnew
WW (0)

M2
W

− Πnew
ZZ (0)

M2
Z

, (2.33)

α̂(MZ)

4ŝ2Z ĉ
2
Z

S ≡ Πnew
ZZ (M2

Z)−Πnew
ZZ (0)

M2
Z

, (2.34)

α̂(MZ)

4ŝ2Z
(S + U) ≡ Πnew

WW (M2
W )−Πnew

WW (0)

M2
W

, (2.35)

whereα̂ is the fine structure constant in theMS-scheme,̂sZ = sin θ̂w(MZ), ĉZ =

cos θ̂w(MZ) andΠii are the self energies with respect to the gauge bosoni.
The result of the current fit [3] is shown in Fig. 2.5. The SM reference point, at

which all theS, T, U parameters vanish, is

∆α
(5)
had(M2

Z) = 0.02758 , αs(M
2
Z) = 0.118 ,

MZ = 91.1875GeV , mt = 175GeV ,

mh = 150GeV , (2.36)

where∆α
(5)
had is the hadronic vacuum polarization,αs is the coupling constant of QCD

andMZ ,mt,mh are theZ mass, the top mass and the Higgs mass, respectively. The
central point of the fit is

S = 0.07± 0.10 ,

T = 0.13± 0.10 , (2.37)

whereU = 0 is imposed [3]. It is seen from the Fig. 2.5 that a low Higgs mass is
preferred by the electroweak precision data (EWPD). However, an important point is
that theS parameter can have positive corrections if also theT parameter has a positive
correction.

A perturbative computation of oneSU(2)L doublet, say(N,E)L , contributes the
following to theS parameter [34]

S =
1

6π

[
1− Y ln

(
m2

N

m2
E

)]
, (2.38)

T =
1

16πs2c2M2
Z

[
m2

N +m2
E −

2m2
Nm

2
E

m2
N −m2

E

ln

(
m2

N

m2
E

)]
, (2.39)

whereY is the hypercharge. If there is no isospin breaking in the doublet under con-
sideration then theS parameter is simply1

6π . The T parameter is approximately
1

12πs2c2

(∆m)2

m2

Z

where∆m ≡ |mN − mE |. TheU parameters can be looked up in

Ref. [34] but it is in general theS parameter which is problematic in technicolor theo-
ries and hence emphasized here.

Considering the simple example of Section 2.1.1 the contribution to theS parame-
ter would be

S =
1

6π
(NTC(Nc = 3) +NTC) =

2

3π
NTC , (2.40)

where the first term originates from the techniquarks which carry technicolor and QCD
color and the second terms is for the technileptons which carry only technicolor.
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Figure 2.5: Result of fit of electroweak precision data. The contour curve is the 68%
CL in the (S,T)-plane with central value (0.07,0.13). The bands are±1 sigma on the
measurements ofΓll,MW andsin2 θlepton

eff . The banana shaped region corresponds to
the SM prediction with a top massmt = 178±4.3 GeV and Higgs massmh = 300+700

−186

GeV. The plot is taken from Ref. [3].
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�
Figure 2.6: Rainbow approximation for the technifermion self energy function. The
boson is a technigluon.

In general a techniquark doublet (transforming under the fundamental representa-
tion of the technicolor gauge group) will contributeNTC/(6π) to theS parameter and
NcNTC/(6π) if it also carries QCD color.

The lesson to learn here is that the more matter the model prescribes, the larger the
S parameter will be1.

2.1.3 Walking Technicolor

A way to circumvent FCNCs and still have sufficiently large mass terms for the SM
fermions and, equally important, sufficiently large mass terms for the pseudo Goldstone
bosons and techniaxions of the theory, is to achieve walking.

Computing the quantum correction to the〈Q̄Q〉 operator from the ETC scale down
to the technicolor scale (i.e. Eq. (2.26)) the contributionof the QCD-like technicolor
theory is that of Eq. (2.28). This contribution is small because the anomalous dimen-
sion of the operator is small in the energy rangeΛTC < µ < ΛETC . However, if the
theory exists approximately at a conformal fixed point i.e.

α(µ) = α∗ 6= 0 , where β(α∗) = 0 , (2.41)

then the radiative corrections will change into the following form (recalling thatγm ∝
α(µ) which is nowγm ∝ α∗ independent ofµ in the energy rangeΛTC < µ < ΛETC)

〈Q̄QETC〉 ∼
(

ΛETC

ΛTC

)γm(α∗)

〈Q̄QTC〉 , (2.42)

which is a considerably larger contribution [36, 37, 38, 39]. If e.g.ΛETC ∼ 103ΛTC

this factor is quite big. The fact thatβ = 0 implies that the technicolor coupling
does not run, but instead runs very slowly, i.e. it “walks”. Thus the namewalking
technicolor.

An interesting twist to this point is that walking can also beachieved with only an
approximatefixed point or anear conformalfixed point. It is not possible to show this
within perturbation theory, so one way to go is to use a nonperturbative approximation
for γm and chiral symmetry breaking based on therainbowapproximation (also called
the ladder approximation) to the Schwinger-Dyson equation[40], see Fig. 2.6. The
full nonperturbative fermion propagator in momentum spacereads

iS−1(p) = Z(p)
(
/p− Σ(p)

)
, (2.43)

and the Euclidianized gap equation in Landau gauge is given by

Σ(p) = 3C2(R)

∫
d4k

(2π)4
α
(
(k − p)2

)

(k − p)2
Σ(k2)

Z(k2)k2 + Σ2(k2)
, (2.44)

1Before the data analysis done in [3] the central value of theS parameters has always been negative
which was unobtainable in technicolor models.
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whereZ(k2) = 1 in the rainbow approximation and we linearize the equation by
neglectingΣ2(k2) in the denominator. By converting to a differential equation and
assuming that the couplingα(µ) ≈ αc is slowly varying (β(α) ≃ 0), following ap-
proximate (WKB) solutions are then found [41]

Σ(p) ∝ p−γm(µ) , Σ(p) ∝ pγm(µ)−2 , (2.45)

where the critical coupling is given in terms of the quadratic Casimir of the represen-
tation of the technifermions

αc ≡
π

3C2(R)
. (2.46)

The anomalous dimension of the fermion mass operator then reads

γm(µ) = 1−
√

1− α(µ)

αc
∼ 3C2(R)α(µ)

2π
. (2.47)

The two different solutions can be understood in terms of physics in the following way.
The solution is proportional to two terms. The first one corresponds to the running of a
normal mass term of nondynamical origin and the second term corresponds to a “soft”
mass dynamically generated and with a1/p2 behavior in the limit of large momentum.

The rainbow approximation indicates that spontaneous symmetry breaking will
only occur if α reaches the critical couplingαc of Eq. (2.46). From Eq. (2.47) the
following equivalence is seen

α(ΛTC) = αc ⇔ γm(ΛTC) = 1 . (2.48)

This defines the symmetry breaking scaleΛTC and it is believed that beyond the rain-
bow approximation,γm = 1 at the critical coupling [42, 43]. In the rainbow approxi-
mation the symmetry breaking occurs when the “soft mass” term and the “hard” non-
dynamical mass scales in the same way.

In QCD the coupling drops quickly and the anomalous dimension gets small. So
the crucial assumption is that the beta function

β (α(µ)) ≃ 0 , for ΛTC < µ < ΛETC , (2.49)

which in turn keepsα ≈ αc and finallyγm large. Then the result of the computation
of the radiative correction from the ETC scale down to the ETCscale of the operator
〈Q̄Q〉 is exactly that of Eq. (2.42).

The reason why walking can ameliorate the problem of FCNCs intechnicolor mod-
els is that with a large enhancement of the〈Q̄Q〉 condensate, the terms generating
masses for SM fermions and technicolor pseudo Goldstone bosons are enhanced by
a factor ofΛETC/ΛTC while the “γ” terms in Eq. (2.24) do not include any techni-
quarks and thus no enhancement. Then one can crank up the ETC scale and suppress
the FCNCs. Before one gets too pleased about that, it should be noted that in order to
have sufficiently low rates of FCNCs the largest mass the walking technicolor model
can account for is∼ 1 GeV [36]. By tuning a model one can perhaps account for the
bottom mass, but it is certain that something has to happen inorder to account for the
large top mass.

The question of walking is essentially of nonperturbative nature so it is a subtle
point of the theory. If theβ-function is kept small to finite order in the perturbative
expansion, one is still not assured that no higher order terms ruin the walking.

A final important point is how to make a technicolor theory a walking theory.
For technifermions transforming with respect to the fundamental representation of the
gauge group, the number of flavors,Nf , has to be close to4NTC ± 20% [44].
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2.1.4 The Problems with Technicolor

In order to have a realistic extended technicolor model, at least the following criteria
has to be fulfilled

• It must be asymptotically free and cannot have gauge anomalies.

• It cannot be at odds with electroweak precision measurements i.e. it has to have
reasonableS, T (andU ) parameters.

• It must account for the mass hierarchies and at the same time generate the very
small neutrino masses.

• It must generate sufficiently large masses for its gauge bosons and Goldstone
bosons etc.

• It must generate weak CP-violation without too much strong CP-violation.

• It must generate isospin breaking in order to account for thetop-bottom, charm-
strange and up-down mass differences without being at odds with the EWPD fit
to theT parameter.

• It must account for the large top mass and in the same time onlycontribute
sufficiently little toZ → b̄b andb→ sγ [45].

• It should also have a candidate for dark matter which is not yet excluded by dark
matter search experiments such as the CDMS.

• It must unify at some large scale in order to explain the quantization of electric
charge.

Some of the problems have been revealed in the course of this chapter e.g. the prob-
lem with the largeS parameter which is typical in technicolor theories. This can be
cured by putting as little matter into the model as possible e.g. one doublet of techni-
quarks transforming under the fundamental representationof SU(2) or SU(3) which
gives anS parameter of 0.11 and 0.16, respectively. This is within onesigma.

Another problem already introduced is the large FCNCs whichcan be ameliorated
via walking technicolor. Having the techniquarks transform under the fundamental
representation of the technicolor gauge group, a minimum ofcolors (2) and the re-
quirement of walking would implyNf = 8, meaning 4 doublets. That corresponds to
S ∼ 0.42 i.e. quite big.

Theoretically there are several ways to circumvent this phenomenologicaldilemma;
either we have too largeS or no walking: One way is to make a negative contribution
to S by having a sufficiently large mass splitting in the (one or more) doublets (and
hypercharge different from zero). Another way is to choose different representations
of the technicolor gauge group. This is the idea of the model which we will present in
the next section.

2.2 The Sannino-Tuominen Model

The idea of having quarks (or techniquarks) transforming under a higher dimen-
sional representations2 of the gauge group is not a new idea. An early attempt of having

2We use the name higher dimensional representations, because d(R) > d(�) with R 6= � and it is
understood that it is representations ofSU(N).
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quarks transforming under a higher dimensional representation of the gauge group is
done by Ma [46]. The quarks in higher dimensional representations carry “more color”
than those of the fundamental representation and thus have different characteristics.
The use of higher dimensional representations for quarks inthe context of dynami-
cal symmetry breaking is considered by Marciano [47] where exotic quarks belong to
6,8,10 of SU(3)c . Higher dimensional representations of technicolor-liketheories
has been considered by Eichten and Lane in Ref. [30].

We will now consider a technicolor extension of the SM with quarks in higher
dimensional representations starting by the simple case oftwo-index symmetric and
two-index antisymmetric representations ofSU(NTC). This class of models has been
considered by Sannino and Tuominen in Ref. [4] and also laterby Refs. [48, 49, 50].
In this line of research a prototype ETC has been constructedin Ref. [51] and effective
theories and considerations on dark matter has been made in Ref. [1] and finally more
aspects of a possible relic abundance and experimental limits on dark matter has been
considered in Ref. [2].

The motivation for choosing this class of higher dimensional representations is due
to a map by Armoni, Shifman and Veneziano [52, 53], which states an equivalence
between Yang Mills theories with a Dirac fermion in two-index symmetric or antisym-
metric tensor representation ofSU(NTC) and supersymmetric Yang Mills (SYM) with
largeNTC . This makes exact solutions from SYM usable in this class of technicolor
models (with two-index symmetric and antisymmetric representations).

Another motivation is that we will show that it is possible tomake a walking tech-
nicolor model with less matter than that of the minimal modelin the fundamental rep-
resentation.

ConsideringNf = ND/2 Dirac flavors (whereND is number of electroweak dou-
blets) in the two-index symmetric (S-type) representationand two-index antisymmetric
(A-type) representation. The perturbativeβ-function reads

β = −β0
g3

(4π)2
− β1

g5

(4π)4
+ . . . , (2.50)

where the coefficients are given in terms of number of technicolors and number of
flavors by [4]

β0 =
11

3
NTC −

2

3
Nf (NTC ± 2) ,

β1 =
34

3
N2

TC −Nf (NTC ± 2)

(
10

3
NTC +

2

NTC
(NTC ∓ 1)(NTC ± 1)

)
, (2.51)

where the upper sign is for the S-type and the lower sign the A-type case. It is inter-
esting to note that in the limit of infiniteNTC , theβ-function is that of SYM and the
S-type and A-type models coincide.

Asymptotical freedom is intact when

Nf ≤
11

2

NTC

NTC ± 2
. (2.52)

The next important value for the number of flavors is where thetheory enters the
conformal window. Considering the Banks Zaks fixed point i.e. theβ-function trun-
cated to the first two terms (Eq. (2.50)) and set equal to zero,the coupling constant
is

α∗ = −4π
β0

β1
. (2.53)
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(a) (b)

Figure 2.7: Phase diagram of number of Dirac flavorsNf vs. number of technicolors
NTC for two-index symmetric (a) and antisymmetric (b) representations of the gauge
group. The graphs are taken from Ref. [4]

From Eq. (2.46) we have the critical coupling, above which the gap equation in the
rainbow approximation has a non-trivial solution. Recalling that the quadratic Casimir
for the two-index symmetric (S-type) and antisymmetric (A-type) representation is,
respectively

C2(��) =
(NTC + 2)(NTC − 1)

NTC
, (2.54)

C2

(
�
�

)
=

(NTC − 2)(NTC + 1)

NTC
, (2.55)

we setα∗ of Eq. (2.53) equal to the value of the critical coupling of Eq. (2.46) and
obtain a critical number of flavors for which chiral symmetryis restored when

Nf > N c
f ≃

83N3
TC ± 66N2

TC − 132NTC

20N3
TC ± 55N2

TC ∓ 60
, (2.56)

where the upper sign is S-type and the lower sign is A-type. With these two boundaries
at hand one can plot the phase diagram, see Fig. 2.7.

It is seen from Fig. 2.7a that with an S-type model with two technicolors and two
techniflavors it is very close to the conformal window. In fact the critical number of
flavors for two technicolors is∼ 2.075. In the A-type case, one has to go to four
technicolors in order to have less techniflavors than in the QCD-like technicolor case
and still have a prototype walking model.

The models have built-in custodial symmetry so theT, U parameters are no prob-
lem, if the mass splitting in the doublet(s) of technifermions is small. TheS parameter
which usually plagues technicolor theories is

Sperturbative =
1

6π

Nf

2

NTC(NTC ± 1)

2
, (2.57)

where the upper sign is for S-type and the lower for A-type models and the last factor
is the dimension of the representation i.e. the number of doublets as seen from the
electroweak point-of-view.

It should be noted that the near conformal dynamics will reduce theS parameter
from the perturbative value [54, 55]. In the estimate made inRef. [54] taking into
account the nonperturbative part gives a reduction of around 30%.
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Considering first the S-type models: With two technicolors,two flavors are needed
and for the minimal model with only one electroweak doubletS = 1/(2π) ∼ 0.16.
This specific case, though, adds three electroweak doubletsto the SM and the full
theory would suffer from the Witten anomaly [56] unless still an odd number of elec-
troweak doublets are added. For simplicity one could add a fourth family of leptons.
This specific case is considered much more in detail in later sections of this thesis. The
flavor symmetry would beSU(4) breaking toSO(4) because the two-index symmet-
ric representation (i.e. the same as the adjoint representation of SU(2) is real). More
on this in the next section. Having instead three technicolors would render the extra
leptons superfluous but on the downside theS = 1/π ∼ 0.32. The flavor symmetry
would be justSU(2)L × SU(2)R breaking toSU(2)V .

With the A-type models one needs four techniflavors in order to be better off
than ordinary QCD-like walking technicolor. Here extra electroweak doublets are not
needed as it is six times four doublets which are added to the SM (i.e. an even number).
Compared to the S-type models it is a whole lot of matter whichis needed. Namely
four technicolors and eight techniflavors which makesS = 4/π ∼ 1.27, which is quite
off with respect to the EWPD.

2.2.1 The Composite Higgs Mass

A final point which is quite interesting in the Sannino-Tuominen class of models
is that it is possible to obtain a light Higgs boson as we only briefly will point out and
otherwise refer to the literature. This is in sharp contrastwith QCD-like technicolor as
the scaled up result from the QCDσ meson would estimate the Higgs boson mass to
be4πFTC

π = 4πvweak which is quite big.
First it should be noted that it is not possible to scale up QCDin order to obtain

results in a walking/near conformal technicolor theory. Soother tools have to be used.
There are two obvious ones. The large-N expansion and lattice computing. Lattice
computing might be the most precise but also the most involved and expensive in flops
and computer time.

The large-N expansion associated to estimating the Higgs mass has been done
in Ref. [48]. The S-type model is used with the limitNTC → ∞ and the number
of flavorsNf is set to one (which is considered a good approximation to two). The
Higgs boson is identified with the scalar fermion-antifermion state whose pseudoscalar
partner in QCD is known asη′. The model is mapped into SYM using the mentioned
map due to Armoni, Shifman and Veneziano [52]. The bosonic sector contains a low
mass scalar and pseudoscalar meson. In this limit, the masses can be related to the
fermion condensate〈q̃q〉 ≡ 〈q̃{i,j}q{i,j}〉 [57]

M =
2

3
α

(
3〈q̃q〉

32π2NTC

) 1

3

=
2

3
α̂Λ , (2.58)

with

〈q̃q〉 = 3NTCΛ3 , (2.59)

α̂ ≡ α
(

9

32π2

) 1

3

, (2.60)

whereΛ is the one loop large-N -invariant scale of the theory. It has been argued in
Ref. [48] thatα̂ is of order1 − 3 and an example connected to QCD is illustrating
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Table 2.2: Summary of the properties of theSU(2)-Adj. model.
upper limit of asymptotic freedom,Nf 2.75

lower limit of the conformal window,N c
f 2.075

critical coupling for chiral symmetry breaking,αc π/6 ∼ 0.52
S 1/(2π) ∼ 0.16

this point. This gives the first estimate of the composite Higgs boson mass, namely
mh ≈M , whereM is that of Eq. (2.58).1/NTC corrections are found to be

mh

M
= 1∓ 4

9NTC
+

1

8NTC

〈Ga
µνG

aµν〉
α̂Λ4

+O
(

1

N2
TC

)
, (2.61)

where〈Ga
µνG

aµν〉 ∼ Λ4 is the technigluon condensate and the upper sign is for S-
type models and the lower for A-type models. As the second term is dominating, the
S-type models have a lowered Higgs mass compared to QCD-likewalking technicolor
theories and the A-type models have an increased Higgs mass.

2.3 TheSU(2)-Adj. Model

For phenomenological reasons the specific model with the two-index symmetric
(S-type) representation ofSU(2) in the Sannino-Tuominen class is the most interest-
ing, as was illustrated in the previous section by the low value of theS parameter. The
corresponding model with three technicolors has largerS parameter, but on the other
hand it does not need to be cured by an extra family of leptons.It also has a slightly
larger Higgs mass than the one with two technicolors. Another interesting thing is
that it has flavor symmetrySU(2)L×SU(2)R breaking toSU(2)V giving three Gold-
stone bosons which are all eaten and become the longitudinalmodes of the electroweak
gauge bosons. In that sense there is not so much to explore as in the minimal model
that is preferred by EWPD. Therefore we choose to investigate the model with two
technicolors in depth.

This section and most of the rest of the thesis is devoted to the investigation of the
S-typeSU(2) model with only one electroweak doublet.

The two-index symmetric representation ofSU(2) is real and it is equal to the ad-
joint representation ofSU(2) and we will from now on just call the model theSU(2)-
Adj. model.

Some of the results obtained in the previous sections are summarized for this model
in Table 2.2.

Since we consider adjoint Dirac fermions, the critical number of flavors is indepen-
dent of the number of colors [51]. We expect that the theory will enter a conformal
regime unless the coupling rises above the critical value, triggering the formation of a
fermion condensate. Hence aNf = 2 theory is sufficiently close to the critical number
of flavorsN c

f = 2.075. This makes it a perfect candidate for a walking technicolor
theory.

The technifermions are
(
U{α,β}

D{α,β}

)

L

, U
{α,β}
R , D

{α,β}
R , with α, β = 1, 2 . (2.62)
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Since the two fermions can equivalently be written as adjoint fermions we have

Qa
L =

(
Ua

Da

)

L

, Ua
R , Da

R , a = 1, 2, 3 , (2.63)

with a the adjoint technicolor index ofSU(2). The left fields are arranged in three
doublets of theSU(2)L weak interactions in the standard fashion. The condensate is
〈ŪU + D̄D〉 which correctly breaks the electroweak symmetry.

As mentioned in the last section this model, as described so far, suffers from the
Witten topological anomaly [56]. AnSU(2) gauge theory must have an even number
of fermion doublets to avoid this anomaly. Here there are three extra electroweak
doublets added to the SM and we need to add an odd number of doublets. The simplest
thing to do is to add one more doublet. Since we do not wish to disturb the walking
nature of the technicolor dynamics, the doublet must be a technicolor singlet (and in
order to keep theS parameter small).

Our additional matter content is essentially a copy of a standard model fermion
family with quarks (here transforming under the adjoint representation ofSU(2)) and
the following lepton doublet3

LL =

(
νζ

ζ

)

L

, νζR , ζR . (2.64)

Now we need to assign hypercharge to the new fermions in such away that there
will be no anomalies. Following the analysis done in Peskin and Schroeder [9] we can
write down constraints on the hypercharge. The exhausted list of diagrams giving rise
to anomalies is shown in Ref. [9]. However, not all of them arenon-vanishing or lead
to new constraints. It will suffice to consider the diagrams of Fig. 2.8.

Let us be generic and assigny/2 to the left-handed techniquarks andz/2 to the left-
handed new leptons. In order to have the correct electric charge for the right-handed
fermions, the hypercharges for the new particles are now

Y (QL) =
y

2
, Y (UR, DR) =

(
y + 1

2
,
y − 1

2

)
, (2.65)

Y (LL) =
z

2
, Y (NR, ER) =

(
z + 1

2
,
z − 1

2

)
, (2.66)

wherey, z ∈ R .
First the diagram (a) of Fig. 2.8, which is two technigluons and aU(1) hypercharge

gauge boson, will lead to the following constraint (we use the convention of Peskin and
Schroeder to add the left-handed particles with a factor of−1)

∑
YTC = −2

(y
2

)
+

(
y + 1

2

)
+

(
y − 1

2

)
= 0 . (2.67)

The diagram (b) with twoSU(2) electroweak gauge bosons gives rise to

∑
YL = −3

(y
2

)
−
(z

2

)
= 0 ⇒ z = −3y . (2.68)

3It is interesting to note that our technicolor sector has thesame fermionic matter content as that of
N = 4 super Yang-Mills.
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�U(1)

SU(2) SU(2)

(a)

�U(1)

SU(2) SU(2)

(b)

�U(1)

U(1) U(1)

(c)

�U(1)

graviton graviton

(d)

Figure 2.8: Important diagrams that need to be considered inorder to write down an
anomaly free theory. In (a) theU(1) hypercharge gauge boson and two technigluons
are connected via a triangle of fermions. In (b) theU(1) meets two electroweak gauge
bosons and in (c) it is just threeU(1) gauge bosons. Finally (d) is the triangle with two
gravitons and a singleU(1) gauge boson.

The diagrams (c) and (d) give the following constraints

∑
Y 3 =− 2

(−3y

2

)3

+

(−3y + 1

2

)3

+

(−3y − 1

2

)3

− 6
(y

2

)3

+ 3

(
y + 1

2

)3

+ 3

(
y − 1

2

)3

= 0 , (2.69)

∑
Y =− 2

(−3y

2

)
+

(−3y + 1

2

)
+

(−3y − 1

2

)

− 6
(y

2

)
+ 3

(
y + 1

2

)
+ 3

(
y − 1

2

)
= 0 . (2.70)

The cancellation in the sum of cubed hypercharges is not trivial as the techniquarks
contribute9y/4 and the new leptons contribute the same with opposite sign. The sum
of hypercharges is trivial as it is obeyed even within the techniquarks and the new
leptons separately.

Thus the generic gauge anomaly free hypercharge assignmentreads

Y (QL) =
y

2
, Y (UR, DR) =

(
y + 1

2
,
y − 1

2

)
, (2.71)

Y (LL) =− 3
y

2
, Y (νζR, ζR) =

(−3y + 1

2
,
−3y − 1

2

)
, (2.72)

In our notation the electric charge isQ = T3 + Y , whereT3 is the weak isospin
generator. We summarize the charges in Table 2.3. One recovers the SM hypercharge
assignment fory = 1/3. In Ref. [51], the SM hypercharge has been investigated
in the context of an extended technicolor theory. Another interesting choice of the
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Table 2.3: Quantum numbers for theSU(2)-Adj. model.
SU(2)TC SU(3)c SU(2)L U(1)Y

UL, DL �� 1 � y/2

UR �� 1 1 y+1
2

DR �� 1 1 y−1
2

νζL, ζL 1 1 � −3y/2

νζR 1 1 1 −3y+1
2

ζR 1 1 1 −3y−1
2

hypercharge isy = 1, which has been investigated, from the point of view of the
electroweak precision measurements, in Refs. [49, 50]. In this case

Q(U) = 1 , Q(D) = 0 ,

Q(νζ) = −1 , Q(ζ) = −2 , with y = 1 . (2.73)

Notice that with this particular hypercharge assignment, theD techni-down is electri-
cally neutral.

Since we have two Dirac fermions in the adjoint representation of the gauge group,
the global symmetry isSU(4)flavor.

It is a simple exercise to show that the flavor symmetry of fermions in real repre-
sentations of the gauge group is exactlySU(2Nf) instead ofSU(Nf )L × SU(Nf)R .
In the case of a real (real-positive) representation there exists a symmetric matrixS
such

T ∗a[R] = −ST a[R]S−1 , ∀a , (2.74)

whereT a are the generator matrices belonging to the representationR. Performing a
gauge symmetry transformation

Ψ =

(
ψL

ψR

)
→ eiǫaT a

Ψ , (2.75)

and thus
Ψ∗ → e−iǫa(T a)∗Ψ∗ = eiǫaST aS−1

Ψ∗ . (2.76)

Multiplying by the inverse matrixS−1 we have

S−1Ψ∗ → eiǫaT aS−1Ψa , (2.77)

and we can thus write down the vector
(

ψa
L

(S−1ψ∗
R)a

)
, (2.78)

where all the elements transform equally under gauge transformations.
In particular, for the adjoint representation, we have the generators [9]

(
T b[G]

)
ac

= ifabc , (2.79)

whereG is for the adjoint representation,a, c are matrix indices, andfabc are the
structure constants for the group in question. Because the structure constants are real
and antisymmetric, we have

T ∗a[G] = −T a[G] , (2.80)
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and thus thatS in Eq. (2.78) equals one in the case of adjoint representations.
To discuss the symmetry properties of the theory it is convenient to use the Weyl

base for the fermions and arrange them in the following vector, transforming according
to the fundamental representation ofSU(4)

Q =




UL

DL

−iσ2U∗
R

−iσ2D∗
R


 , (2.81)

whereUL andDL are the left handed techni-up and techni-down respectivelyandUR

andDR are the corresponding right handed particles. Assuming thestandard breaking
to the maximal diagonal subgroup, theSU(4) symmetry breaks spontaneously down
to SO(4). Such a breaking is driven by the following condensate

〈Qα
i Q

β
j ǫαβE

ij〉 = −2〈URUL +DRDL〉 , (2.82)

where the indicesi, j = 1, . . . , 4 denote the components of the tetraplet ofQ, and the
Greek indices indicate the ordinary spin. The matrixE is a 4 × 4 matrix defined in
terms of the 2-dimensional unit matrix as

E =

(
0 11 0

)
. (2.83)

Following the notation of Wess and Bagger [58]ǫαβ = −iσ2
αβ and

〈Uα
LUR

∗β
ǫαβ〉 = −〈URUL〉 . (2.84)

A similar expression holds for theD techniquark. The above condensate is invariant
under anSO(4) symmetry. The easiest way to check that anSO(4) symmetry remains
intact is by going to the following base

UL =
λ1 + iλ2√

2
, ǫU∗

R =
λ1 − iλ2√

2
, DL =

λ3 + iλ4√
2

, ǫD∗
R =

λ3 − iλ4√
2

,

(2.85)

where theλs are four independent two-component spinors. In this base,our condensate
becomes simply

〈λ2
1 + λ2

2 + λ2
3 + λ2

4〉 , (2.86)

which clearly is anSO(4) invariant. We are left with nine broken generators of the orig-
inalSU(4) global symmetry and to the generators are associated Goldstone bosons.

In terms of the underlying degrees of freedom, and focusing only on the technifla-
vor symmetries, the nine Goldstone bosons transform like

DRUL , URDL ,
1√
2
(URUL −DRDL) , (2.87)

for the three which will be eaten by the longitudinal components of the massive elec-
troweak gauge bosons. The electric charge is respectively one, minus one and zero.
For the other six Goldstone bosons we have

ULUL , DLDL , ULDL , (2.88)
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with the following electric charges

y + 1 , y − 1 , y , (2.89)

together with the associated anti-particles. The last six Goldstone bosons (Eq. (2.88))
are di-technibaryons with opposite baryonic charge, one and minus one, respectively.
The baryon number is a diagonal generator ofSU(4). As we already mentioned the
choice ofy = 1 makes one of the Goldstone bosons (namely theDD) electrically
neutral.

2.3.1 Spectrum

We have previously described the Goldstone bosons of the model. These are mesons
but an interesting fact is that they are also baryons. The flavor symmetry isSU(4) and
it is recognized that there is aU(1) of technibaryon number which is conserved unless
broken by ETC interactions. The fact that the model has particles which almost only re-
ceive mass from ETC interactions and have a conserved quantum number is welcomed
and can be exploited in the context of constructing a cold dark matter component which
is a di-technibaryon, see Chapter 3.

The simplest low lying technibaryons are constructed in thefollowing way

B{f,f̃} = Q
{c1,c2}
L;α,f Q

{c3,c4}
L;β,f̃

ǫβαǫc1,c3
ǫc2,c4

, (2.90)

wheref, f̃ = U,D , ci = 1, 2 , andα, β = 1, 2 are the spin indices. These states
correspond to anSU(2) triplet of scalar states. In a similar fashion one can construct
states out of only right-handed fields. AnSU(2)L singlet, though, has to have spin one
in order to also have antisymmetric flavor indices.

2.3.2 EWPD

We already presented the value of theS parameter for the pure technicolor part
of the model. Adding the leptons though will change this picture. Depending on the
masses and especially the mass gap of the leptons, the model can actually be within
one sigma of what the EWPD prescribes with a convenient choice of lepton masses,
see Fig. 2.9. It is seen from Eq. (2.38) that the left wing of the parabola shape is for
the case where the logarithm is positive and thus theνζ neutrino mass greater than the
ζ mass and oppositely for the right wing.

2.3.3 Effective Theories

While the leptonic sector can be described within perturbation theory since it in-
teracts only via electroweak interactions, the situation for the techniquarks is more
involved since they combine into composite objects interacting strongly among them-
selves. It is therefore useful to construct low energy effective theories encoding the
basic symmetry features of the underlying theory. We construct the linearly and non-
linearly realized low energy effective theories for our underlying theory. The theories
we will present can be used to investigate relevant processes of interest at LHC and
ILC. It would be interesting to perform the analysis in Ref. [59] with these specific
theories.
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Figure 2.9:(S, T ) diagram showing the regions theSU(2)-Adj. model can span with
the masses of the new leptonsνζ andζ taking on values fromMZ to 10MZ. The
ellipsis represent the one sigma contour of the global fit to the EWPD with a reference
Higgs mass of 150 GeV. The figure is taken from Ref. [5].

The Linear Realization

The relevant effective theory for the Higgs sector at the electroweak scale consists,
in our model, of a light composite Higgs and nine Goldstone bosons. These can be
assembled in the matrix

M =
(σ

2
+ i
√

2ΠaXa
)
E , (2.91)

which transforms under the fullSU(4) group according to

M → uMuT , with u ∈ SU(4) , (2.92)

andXa are the generators of theSU(4) group which do not leave invariant the vacuum
expectation value ofM , see Appendix B

〈M〉 = v

2
E . (2.93)

We will now show that the Goldstone bosons transform like those of Eqs. (2.87-
2.88). Multiplying by another generatorXb on the rhs. of Eq. (2.91), taking the trace
and using thatE2 = 1 we get

Tr
{
MEXb

}
= i
√

2ΠaTr
{
XaXb

}
= i

1√
2
Πaδab = i

1√
2
Πb . (2.94)

A point which might seem subtle at first sight is that, in orderto eliminate the scalars,
we need to take the imaginary part of the equation which will leave us with the pseu-
doscalars

Πa =
√

2ℑTr {MEXa} . (2.95)

The matrixM is connected to the quark content via

Mij = QiQj , with i, j = 1, . . . , 4 . (2.96)
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This reveals that the eaten Goldstone bosons which are real transform like

Π1 = ℑDU + UD√
2

, Π2 = ℜDU − UD√
2

, Π3 = ℑUU −DD√
2

, (2.97)

while the baryonic sector transforms like

Π4 = ℑUD + UD√
2

, Π5 = ℜUD − UD√
2

, (2.98)

Π8/6 = ℑUU ±DD + UU ±DD
2

, Π7/9 = ℜUU ∓DD − UU ±DD
2

,

(2.99)

where the real Goldstone bosons are written in terms of theirunderlying degrees of
freedom which at the same time represents the charge eigenstates of the model.

One should note our short-hand notation for the states. We are using the conven-
tions of Wess and Bagger [58] and the spin contracted states are defined as follows

UD ≡ Uα
LDL;α , (2.100)

DU ≡ (D∗
R)αUL;α , (2.101)

DD ≡ (D∗
R)α(D∗

R)α . (2.102)

It is convenient to separate the fifteen generators ofSU(4) into the six that leave
the vacuum invariant{Sa} and the other nine that do not{Xa} .

It is easy to show that the generators{Sa} of theSO(4) subgroup that leave the
vacuum invariant satisfy following relation

SaE + E SaT = 0 , with a = 1, . . . , 6 . (2.103)

The proof goes like this. The vacuum is left invariant by the generators so we can write

v

2
E = eiαaSa v

2
E
(
eiαaSa

)T

⇒ 0 = iαaSaE + iEαaSbT . (2.104)

Because theαs are arbitrary we get

SaE + ESaT = 0 . (2.105)

�

An explicit realization of the generators is shown in Appendix B.
The electroweak subgroup can be embedded inSU(4), as explained in detail in

Ref. [60]. The main difference here is that we have a more general definition of the
hypercharge. The electroweak covariant derivative is

DµM = ∂µM − ig
[
GµM +MGT

µ

]
, (2.106)

with

Gµ =

(
Wµ 0

0 − g′

g B̃
T
µ

)
+
y

2

g′

g
Bµ

(1 0
0 −1) . (2.107)

We also have

Wµ = W a
µ

τa

2
, B̃T

µ = Bµ
τ3T

2
= Bµ

τ3

2
, (2.108)
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whereτa are the Pauli matrices. It is convenient to rewrite the gaugebosons in a more
compact form

G = W aLa − g′

g
BµR

3T
+
√

2y
g′

g
BµS

4 , (2.109)

with

La =
Sa +Xa

√
2

, RaT =
Xa − Sa

√
2

, and a = 1, 2, 3 . (2.110)

With this gauging we are ensuring the correct pattern of electroweak symmetry break-
ing. In fact, we can rewrite

G = GS +GX , (2.111)

with

GS =
1√
2

3∑

a=1

Sa

[
W a +

g′

g
Bδ3a

]
+
√

2y
g′

g
B S4 , (2.112)

GX =
1√
2

3∑

a=1

Xa

[
W a − g′

g
Bδ3a

]
. (2.113)

The generators satisfy the normalization conditionsTr[XaXb] = δab/2, Tr[Sa Sb] =
δab/2 andTr[SX ] = 0. In the unitary gauge, three of the Goldstone bosons are ab-
sorbed into the longitudinal degrees of freedom of the massive weak gauge bosons
while the extra six Goldstone bosons will acquire masses dueto extended technicolor
interactions (see the Fig. 2.4) as well as the electroweak interactions per se.

Assuming a bottom up approach we will introduce by hand a massterm for the
Goldstone bosons. The new Higgs Lagrangian is then

L =
1

2
Tr
[
DµMDµM †]+

m2

2
Tr[MM †]

− λ

4
Tr
[
MM †]2 − λ̃Tr

[
MM †MM †]− 1

2
Πa(M2

ETC)abΠb , (2.114)

with m2 > 0 anda andb running over the six uneaten Goldstone bosons. The matrix
M2

ETC is dynamically generated and parametrizes our ignorance about the underly-
ing extended technicolor model yielding the specific mass texture. The pseudo Gold-
stone bosons are expected to acquire masses of the order of a TeV. Direct and com-
putable contributions from the electroweak corrections breakSU(4) explicitly down
to SU(2)L × SU(2)R yielding an extra contribution to the uneaten Goldstone bosons.
However the main contribution comes from the ETC interactions.

The relation between the vacuum expectation value of the Higgs and the parameters
of the present theory is

v2 = 〈σ〉2 =
m2

λ+ λ̃
. (2.115)

In our theory we expect a light composite Higgs whose mass (inthe broken phase)4 is
2m2 . This corresponds to a small overall self coupling. In Ref. [49] a Higgs mass in

4Note that if one assumes a strongly coupled linear sigma model the relation between the physical mass
and the mass parameter in the theory is no longer linear and important modifications are expected [49].
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the rangeMH ≃ 90 − 150 GeV is predicted, see also Subsection 2.2.1. By choosing
the fiducial value125 GeV and recalling that in our conventions we haveMW = vg/2 ,
we then find

λ+ λ̃ ≈ 1

8
, with v ≈ 250 GeV . (2.116)

λ + λ̃ corresponds to the Higgs self coupling in the SM. It turns outthat due to the
presence of a light Higgs the associated sector can be treated perturbatively. We stress
that the expectation of a light composite Higgs relies on theassumption that the quan-
tum chiral phase transition as function of number of flavors near the nontrivial infrared
fixed point is smooth and possibly of second order5. The composite Higgs Lagrangian
is a low energy effective theory and higher dimensional operators will also be phe-
nomenologically relevant.

The Non-Linearly Realized Effective Theory

One can always organize the low energy effective theory in a derivative expansion.
The best way is to make use of the exponential map

U = exp

(
i
ΠaXa

FTC
π

)
E , (2.117)

whereΠa represent the nine Goldstone bosons andXa are the nine generators of
SU(4) that do not leave the vacuum invariant (see Appendix B for an explicit real-
ization of the group generators). To introduce the electroweak interactions, one simply
adopts the same covariant derivative used for the linearly realized effective theory, see
Eqs. (2.106-2.113).

The associated non-linear effective Lagrangian reads

L =

(
FTC

π

)2

2
Tr
[
DµUD

µU †]− 1

2
Πa(M2

ETC)abΠb . (2.118)

Still the mass squared matrix parametrizes our ignorance about the underlying ETC
dynamics.

A common ETC mass for all the pseudo Goldstone bosons carrying baryon number
can be provided by adding the following term to the previous Lagrangian

2CTr
[
UBU †B

]
+ C =

C

4 (FTC
π )

2

6∑

i=1

Πi
BΠi

B , (2.119)

with

B =
1

2
√

2

(1 0
0 −1) . (2.120)

Dimensional analysis requiresC ∝ Λ6
TC/Λ

2
ETC . A similar term can be added to the

linearly realized version of our theory.
It is straightforward to add the vector meson sector to thesetheories, which would

then allow to repeat the analysis performed in Ref. [59].

5There are provided supporting arguments for this picture inRef. [49] where the reader will find also a
more general discussion of this issue and possible pitfalls.
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2.3.4 Feynman Rules

Here we will explain the steps to derive the Feynman rules which are presented in
Appendix C. We will use the linearly realized theory up to dimension four operators.
First the covariant derivative is rewritten using the mass diagonalized vectors fields

igG = ig
[
T−W+ + T+W−]+ i

g

cos θw
Z
[
T 3 − sin2 θwQ

]
+ ieAQ , (2.121)

with

T± =
T 1 ± i T 2

√
2

, T i =
Si +X i

√
2

, i = 1, 2, 3 , (2.122)

Q =
√

2
(
S3 + y S4

)
. (2.123)

The electric charge eigenstates of the Goldstone bosons aregiven by Eqs. (2.97-
2.99). Expanding now the kinetic term of the linear realization of the effective theory
(Eq. 2.91) there will arise trilinear and quartic couplings.

A note on the notation is that we here useΠDD instead ofDD in order to emphasize
that derivatives act on the state and not on the firstD quark.

Here we will work in the unbroken phase, i.e. the electroweaksymmetry is still
unbroken, but it is straightforward to make the shift in the VEV of the neutral Higgs
field.

Trilinear Couplings

− ig
2

sec θw

[
ΠDD←→∂µΠDD −ΠUU←→∂µΠUU + ΠUD←→∂µΠUD − iσ←→∂µΠ0

− i2 sin2 θw

(
(1− y)ΠDD←→∂µΠDD + (1 + y)ΠUU←→∂µΠUU

+ΠUD←→∂µΠUD − yΠUD←→∂µΠUD
)]
Zµ (2.124)

−ie
[
(1− y)ΠDD←→∂µΠDD + (1 + y)ΠUU←→∂µΠUU

+ ΠUD←→∂µΠUD − yΠUD←→∂µΠUD
]
Aµ (2.125)

− ig
2

[
ΠDD←→∂µΠUD + ΠUD←→∂µΠUU + ΠUD←→∂µ

(
Π0 + iσ

)]
W+µ (2.126)

ig

2

[
ΠDD←→∂µΠUD + ΠUD←→∂µΠUU +

(
iσ −Π0

)←→
∂µΠUD

]
W−µ (2.127)

Quartic Couplings

In order to get the terms into this form, the identities of Appendix A.1 have been
used.

g2ΠDDΠUU (W+)2 (2.128)
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g2ΠDDΠUU (W−)2 (2.129)

1

4
g2
[
2
(
ΠDDΠDD + ΠUDΠUD + ΠUUΠUU

)

+4ΠUDΠUD + σ2 + (Π0)2
]
W+

µ W
−µ (2.130)

(g2 + g′2)

[
4
(
ΠDDΠDD + ΠUUΠUU

)
+ 2ΠUDΠUD + σ2 + (Π0)2

− 1

2
sin2 θw

{
3
(
σ2 + (Π0)2

)
+ 10ΠUDΠUD

+ ΠDDΠDD(4 − y) + ΠUUΠUU (4 + y)
}

+ sin4 θw

{3

2

(
σ2 + (Π0)2

)
+ 5ΠUDΠUD + 8y2ΠUDΠUD

+ 2
(
ΠDDΠDD(4− 5y + 4y2) + ΠUUΠUU (4 + 5y + 4y2)

)}]
Z2

(2.131)

e2
[3
2

(
σ2 + (Π0)2

)
+ 5ΠUDΠUD + 8y2ΠUDΠUD

+ 2
(
ΠDDΠDD(4 − 5y + 4y2) + ΠUUΠUU (4 + 5y + 4y2)

) ]
A2 (2.132)

g2 sec θw

[
ΠUUΠUD −ΠDDΠUD

+ sin2 θw

{
−ΠUUΠUD(y + 1)−ΠUDΠDD(y − 1)

+
1

2
ΠUD

(
Π0 + iσ

)}]
W+

µ Z
µ (2.133)

g2 sec θw

[
ΠUUΠUD −ΠDDΠUD

+ sin2 θw

{
−ΠUUΠUD(y + 1)−ΠUDΠDD(y − 1)

+
1

2
ΠUD

(
Π0 − iσ

)}]
W−

µ Z
µ (2.134)

1

2
eg
[
2
(
ΠDDΠUD(y − 1) + ΠUDΠUU (y + 1)

)
−ΠUD

(
Π0 + iσ

) ]
W+

µ A
µ

(2.135)

1

2
eg
[
2
(
ΠDDΠUD(y − 1) + ΠUDΠUU (y + 1)

)
−ΠUD

(
Π0 − iσ

) ]
W−

µ A
µ

(2.136)
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1

4
eg sec θw

[
σ2 + (Π0)2 + 6ΠUDΠUD + 4

(
ΠDDΠDD(2− y) + ΠUUΠUU (2 + y)

)

− 2 sin2 θw

{
σ2 + (Π0)2 + 6ΠUDΠUD + 8y2ΠUDΠUD

+ 4
(
ΠDDΠDD(2− 3y + 2y2)

+ ΠUUΠUU (2 + 3y + 2y2)
)}]

ZµA
µ (2.137)

2.3.5 Minimal Coupling to Fermions

We now wish to give masses to ordinary fermions. There are a number of logi-
cal possibilities. The traditional way is to assume that Yukawa terms emerge as four
fermion interactions generated by ETC at higher energies. We will consider a minimal
approach and write down the simplest Yukawa couplings between our Higgs sector and
the SM fermions. Experimental deviations from our predictions in this sector will teach
us about the underlying theory providing mass to all of the ordinary fermions. Starting
with the leptonic sector one can define the following column vector

L =




νL

eL

−iσ2ν∗R
−iσ2e∗R


 . (2.138)

ImagineL to transform under the same fullSU(4) flavor symmetry under whichM of
Eq. (2.91) also transforms

L→ g L . (2.139)

When gauging theSU(2)L subgroup we find the correct weak transformation of the
left-handed leptons. There is a subtle point to the hypercharge invariance which will
be discussed in a moment.

Now it is easy to construct anSU(4) invariant term

Llepton−sym = Ylepton L
T
αM

∗Lβǫ
αβ + h.c. , (2.140)

whereα, β are spin indices andM is the matrix of Eq. (2.91). When the theory con-
denses, the following mass term is obtained

−vweakYlepton(ν̄RνL + ēReL) + h.c. . (2.141)

Because we have used a larger symmetry than is really observed experimentally, the
electron and neutrino masses are degenerate. Such large symmetry is not present in the
SM and we need to break theSU(2)R subgroup ofSU(4)

Llepton−asym = Ylepton−DL
T
αPDM

∗PDLβǫ
αβ

+ Ylepton−U L
T
αPUM

∗PULβǫ
αβ + h.c. , (2.142)

where

PD/U =

(1 0

0 1∓τ3

2

)
. (2.143)
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If we were interested only in the mass terms this would have completed our analysis.
In order to extract also interaction terms, one must be sure that the hypercharge is con-
served by our Yukawa terms. Now the situation is a little moredelicate. Considering
still just the leptonic sector, one finds the following transformations

M → eiα(−R3T
+
√

2 y S4)Meiα(−R3+
√

2 y S4T )

= eiα(−R3+
√

2 y S4)Meiα(−R3+
√

2 y S4) ,

L → eiα(−R3−
√

2 S4)L . (2.144)

The simplest possible Yukawa term will then transform like

LTM∗L→ LT e−iα
√

2 (y+1) S4

M∗e−i
√

2 (y+1) S4

L , (2.145)

and we see that the hypercharge parametery has to be−1 in order to make the Yukawa
invariant under hypercharge transformations. One can easily convince oneself that this
is still true even when inserting the projection operatorsPD/U since they commute
with the hypercharge generator.

Following the same line for the quarks we obtain

Q =




uL

dL

−iσ2u∗R
−iσ2d∗R


 . (2.146)

Lquark−asym = Yquark−DQT
αPDM

∗PDQβǫ
αβ

+ Yquark−UQT
αPUM

∗PUQβǫ
αβ + h.c. . (2.147)

The quark vector transforms as follows under a hypercharge transformation

Q → e
iα

“

−R3+
√

2

3
S4

”

Q . (2.148)

So for the quarks, one would needy = 1/3 in order to keep the term invariant. This
is a priori in conflict with the result found in the leptonic sector. In principle it would
be possible to construct two different matricesM andM ′ for each sector respectively.
But that would go beyond the minimal coupling idea we had in mind in the first place.

Observing that the off-diagonal2 × 2 blocks in the matrix i.e. the technibaryonic
sector are the problem and the diagonal2× 2 blocks are just corresponding to the SM
Higgs sector we can strip away the technibaryonic sector, and we find

Lmasses = Yquark−DQT
αPDM

∗
offPDQβǫ

αβ + Yquark−UQT
αPUM

∗
offPUQβǫ

αβ

+ Ylepton−DL
T
αPDM

∗
offPDLβǫ

αβ + Ylepton−UL
T
αPUM

∗
offPULβǫ

αβ + h.c. ,

(2.149)

where

Moff = M − P1MP1 − P2MP2 , (2.150)

P1 = diag(1, 1, 0, 0) , (2.151)

P2 = diag(0, 0, 1, 1) . (2.152)

Physically this means that the technibaryonic sector of thetheory does not couple to
ordinary fermions via the Yukawa interactions in a minimal approach.

The Feynman rules forLmasses can be found in Appendix C.
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Figure 2.10: Diagrams showing possible production of a charged technibaryon, e.g. the
UD state in app experiment like the LHC. In (a)WW fusion creates aZ which
decays to a technibaryon and an anti-technibaryon. In (b) two photons couple to a
technibaryon.

2.3.6 Signatures

It interesting to consider how the model is significant at theLHC (or later exper-
iments). Will it look exactly like the SM or another extension of the SM or how is it
possible to distinguish it from the other extensions.

When modeling, there is always some freedom in choosing the parameters. A
crucial choice to make is if the technibaryon number is conserved or if it is broken by
some ETC operators. Until now, and for the research done in Chapter 3, we assume it
not to be broken. This is essential for the dark matter to survive and be abundant at our
late time of the Universe. This choice has consequences for phenomenology at collider
experiments, because the initial states in the experiment has no technibaryon number
and that will remain so. Pair production is the only option and could be realized like
depicted in Fig. 2.10.

Another interesting point to theSU(2)-Adj. model is that it is a vector-like theory
with a light (composite) Higgs. This has been investigated by Zerwekh in Ref. [59].
The interesting and somewhat surprising point is that the cross section for Higgs pro-
duction is enhanced a lot (up to above 100% for a certain mass of the neutral techni-ρ)
compared to the SM Higgs cross section, by the presence of thetechni-ρ.

A project which is in progress is to implement the model into acomputer pro-
gramme which is called MadGraph [61, 62]. The programme is a tool which computes
all possible processes when given some initial states and some final states and makes
corresponding programmes which uses HELAS [63] routines. Then a connected pro-
gramme called MadEvent is used to compute the phase space integrals for the cross
sections via a fast Monte Carlo method [61]. As mentioned this is in progress and
the model is already implemented, but is still in the testingphase (which is the most
time-consuming). The trick with this programme is that it computesa lot of diagrams
quickly to get cross sections of different processes, but also that the output of the pro-
gramme is compatible with event simulation software such asPYTHIA. With such
software at hand, it would be possible to get an idea of which signatures would drown
in e.g. QCD background and which would not.



CHAPTER 3

Dark Matter

3.1 Introduction

The cosmological implications of explaining the dark matter problem and the dark
energy problem in particle physics has become a popular toolto further constrain the
theory in question. We will here explain briefly what is dark matter and what are the
observational evidences for its existence.

Here we consider the standard model of cosmology (with a big bang and inflation)
where it is observed that the Universe on large scales is homogeneous and isotropic.
Writing down the most generic space-time metric, the Robertson-Walker metric

ds2 = dt2 −R2(t)

[
dr2

1− kr2 + r2
(
dθ2 + sin2 θ dφ2

)]
, (3.1)

two quantities are included, which are the cosmological scale factorR(t) and the cur-
vature constantk. By rescalingr there are three different valuesk can take on;1,−1
or 0, which corresponds to a closed, an open and a flat Universe, respectively.

Starting by the Einstein equations

Rµν −
1

2
gµνR = 8πGNTµν + Λgµν , (3.2)

whereRµν is the Ricci tensor,gµν is the metric,R is the Ricci scalar,GN is the Newton
constant,Tµν is the energy-momentum tensor andΛ is a cosmological constant. Then
it is common to assume that the matter in the Universe can, to good approximation, be
described by a perfect fluid which gives the following energy-momentum tensor

Tµν = −pgµν + (p+ ρ)uµuν , (3.3)

wherep is the pressure,ρ the energy density andu the velocity in co-moving coordi-
nates. This leads to the Friedmann-Lemaı̂tre equations

H2 =
Ṙ2

R2
=

8πGNρ

3
− k

R2
+

Λ

3
and

R̈

R
=

Λ

3
− 4πGN

3
(ρ+ 3p) , (3.4)

whereH(t) is the Hubble parameter. The Friedmann equation can then be rewritten
into the following form

(Ω− 1)H2 =
k

R2
, (3.5)
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Figure 3.1: Synthetic rotation curve for galaxies with〈MI〉 = −21.2 , where〈MI〉 is
a measure for the luminosity,R/Ropt is the distance measured from the center of the
galaxy normalized by the optical radius andV is the velocity. The figure is taken from
Ref. [6].

whereΩ is the total “energy” i.e. matter plus vacuum energy or cosmological constant
and it is defined via the critical density

Ω ≡ ρ

ρcritical
, (3.6)

where the critical densityρcritical would render the Universe geometrically flat. We
can write

Ω = Ωm + ΩΛ = ΩB + Ωdm + ΩΛ , (3.7)

whereΩ = Ωtot is the total energy density,Ωm is the matter density,ΩΛ is the density
associated with the cosmological constant term,ΩB is the density of the baryons,Ωdm

is the density of the dark matter, and all the energy densities are in units of the critical
density. As it is seen from the equation, the matter density is a sum of the baryon
density and the dark matter density, which we will argue next.

One of the direct observational evidences of dark matter is found on the scale of
galactic halos where there is observed flatness in the rotation curves of the spiral galax-
ies, see Fig. 3.1. On these large scales one would expect thatthe gravitational field
is undisturbed by the small masses far apart and thus Newtonian gravity would hold,
giving

M(r) ∝ v2r/GN , (3.8)

whereM is the mass of the galaxy (in the center),v is the velocity,r the distance
measured from the center of the galaxy andGN is Newton’s constant. This of course
assumes that the galaxies are in virial equilibrium. The figure shows a compilation of
almost 1000 rotation curves of spiral galaxies restricted to a narrow range in brightness
characteristic for a lot of spiral galaxies. Eq. (3.8) implies that outside the bulk of the
galaxy the velocity should go as

v ∝ 1/
√
r , (3.9)

which is not what is seen in Fig. 3.1. On the contraryv ∼ constant outside the bulk,
which implies thatM ∝ r , outside where there is no light. Dark matter has also been
confirmed in elliptical galaxies, see Refs. [64, 65].
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Figure 3.2: Power in the CMB anisotropy spectrum measured byWMAP and others.
The figure is taken from Ref. [7].

There has also been great development in the determination of the matter and cos-
mological densities. One of the tools are the Cosmic Microwave Background (CMB)
anisotropy experiments which have made estimates of the curvature with uncertainties
down to the few percent level. In fact, the CMB was a prediction of the big bang nucle-
osynthesis (BBN). The argument goes like this. The minimum temperature for which
the BBN can function, relates via the standard model time-temperature relation, to the
maximum time scale. Together with the typical cross sectionfor the first link in the
nucleosynthesis chain one can compute the necessary density. Knowing the density of
baryonic matter and that the density scales likeR−3 ∼ T 3, the temperature today is
found to be∼ 10 K.

A lot of information is encoded into the angular expansion ofthe CMB temperature

T (θ, φ) =
∑

lm

almYlm(θ, φ), (3.10)

where the monopole term characterizes the mean temperatureof the CMB. It has been
determined by the COBE satellite to be2.725± 0.002 K [66]. The dipole term can be
found from the Doppler shift produced by our peculiar motionwith respect to the CMB.
Higher order multipoles contain information about the energy density perturbations
in the early Universe. The power spectrum has been measured up to l ∼ 2000, see
Fig. 3.2. The values from a fit of the WMAP data to theΛCDM model1 [8] are shown
in Table 3.1. The fit ofΩΛ from the WMAP data gives0.758+0.035

−0.058 which renders the
total energy budget close to one [8]. In fact, the fits are so close to one, that it is not
possible to tell whether the curvature constantk is negative or positive. It is seen from

1TheΛCDM model means a model with a cold dark matter candidate and acosmological constant, on
top of the standard inflationary scenario.
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Table 3.1: Fitted parameters from WMAP data [8].
WMAP three year mean

100ΩBh
2 2.23±0.08

Ωmh
2 0.126±0.009

H0 74±3
τ 0.093±0.029
ns 0.961±0.017

Fig. 3.3 that the WMAP data prefers an almost flat Universe. Combining the WMAP
data with the data from supernovae (SNe) observations (the middle panel in Fig. 3.3) it
is seen that the matter density is∼ 0.3 and the total density is∼ 1 (the black straight
line isΩ = 1). It is also noticed that the matter density is far greater than∼ 0.04 which
is shown in Table 3.1. This is one of the indications that there is more matter than is
visible. A notion commonly used, is the following measure for red-shift

1 + z ≡ λ0

λ1
, (3.11)

whereλ0 is the detected wavelength andλ1 is the emitted wavelength. One of the
advantages with the SNe measurements are the high−z analysis which leads to a good
test of the cosmological geometry, thusΩ andk [67].

Theoretically there is support for the fact that more energyis present in the Uni-
verse than what is observed as baryonic matter. The inflationary scenario suggests that
Ωtot ≃ 1 [68]. The following simple solution to the curvature problem shows why
Ωtot is expected to be so close to unity. At present point we do not know if Ωtot is
smaller or greater than one and thus not the sign of the curvature constant. This is be-
cause that the curvature term in Eq. (3.4) is subdominant. For a radiation dominated gas
we haveR ∼ T−1 . Assuming now an adiabatically expanding Universe, the quantity

k̂ ≡ k

R2T 2
= (Ω0 − 1)

H2
0

T 2
0

< 2× 10−58 , (3.12)

is dimensionless and a constant (and the subscripts refer tothe present-day values).
This constant would be expected to be of order one, but it is quite far off, which is a
kind of a hierarchy problem. This problem is called the curvature problem and one
way to deal with this is by inflation. Denote byR = Ri, T = Ti the initial values and
Ri ∼ T−1

i . During inflation, we haveR ∼ eHt , withH constant. After the inflation
R ≫ Ri andT = TR . Ti with TR the reheating temperature. This impliesRT
andk̂ are not constants and̂k → 0. But if k̂ → 0 ⇒ Ωtot → 1 . As the inflation is
exponential,Ωtot becomes exponentially close to unity.

By the use of BBN calculations it is possible to determineΩB from the abundances
of D, 4He, and7Li, and not surprisingly it gives values comparable to thoseof the CMB
anisotropy analysis.

Finally evidence for dark matter is found from gravitational lensing [69]. Sys-
tematic lensing of about 150,000 galaxies per degree at redshifts z = 1 − 3 makes
it possible to estimate the matter distribution in the foreground cluster. The lensing is
usually categorized into strong lensing and weak lensing and both seem consistent with
the existence of dark matter.

The problem left is to predict what constitutes this dark matter, what type of parti-
cles/objects they are and how do they behave? There are quitea number of candidates;
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Figure 3.3: Phase space of(Ωm,ΩΛ) with WMAP and additional data. The figure is
taken from Ref. [8].
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baryonic particles, hydrogen, Jupiter-like objects whichalso are called massive com-
pact halo objects (MACHOs), remnants of massive stars, black holes, neutrinos, heavy
neutrino-like objects which are in the class of weakly interacting massive particles
(WIMPs), axions, and finally also technibaryonic types which we will consider in the
next section.

It is quite involved to consider all of the candidates for dark matter in depth and
we will thus refer to the literature. It is however useful to know that strong limits are
coming up on the different types of dark matter (we will laterconsider some detection
limits for WIMPs). For example the MACHOs are testable via gravitational lensing
of stars in a neighboring galaxy e.g. the LMC. This puts constraints on the amount of
MACHO the Universe can have and it is found that MACHOs cannottake up the whole
dark matter amount but only a fraction. Neutrinos have limits coming from supernovae
type Ia data and the HST Key project data as well as from BBN. The mass is restricted
to be either very small or quite heavy in order to be a viable dark matter candidate. If
the mass is small it is a so-called hot dark matter candidate.The problem with the hot
dark matter is that it reacts too much and will smear out the structure formation at large
scales [70]. Thus cold dark matter (CDM) candidates who are assumed to cluster are
considered more viable.

For further reading we refer to Refs. [71, 72, 73, 68].

3.2 Computing the LTB Relic Density.

We are now considering theSU(2)-Adj. technicolor model of Section 2.3 and then
explicitly compute theDD-type boson relic density in the case where it is neutral and
stable (i.e.y = 1). We will use in the computations, the assumption of thermalequi-
librium and overall electric neutrality, as well as the conserved technibaryon quantum
number.

In the next section we will take into account the experimental limits from earth
based dark matter search experiments and figure out what is the relic density, in percent
of the measured dark matter density, and what the mass of the particle will be.

Finally, we will in the last section of this chapter speculate how good is the assump-
tion of thermal equilibrium.

We impose thermal equilibrium and overall electric neutrality for the matter in the
Universe. Imposing overall electrical neutrality avoids the huge energetic Coulomb
costs due to electric fields of the otherwise uncanceled charges in the Universe. In
addition to the theoretical reasons, observations confirm an overall neutrality. Thermal
equilibrium occurs among different particles as long as their rate of interactionΓ is
much larger than the expansion rate of the UniverseH , whereH is the Hubble constant.
If H > Γ at a given time, the particles decouple from each other and hence can no
longer be in thermal equilibrium.

At some energy scale higher than the electroweak one, following the work of Nussi-
nov [74], we assume the existence of a mechanism leading to a technibaryon asymme-
try in the Universe. Given that the technibaryon and baryon number have a very similar
nature such an asymmetry is very plausible and can have a common origin. Here we
will not speculate further on the origin of the (techni)baryon asymmetry, but will relate
it to the observed baryon asymmetry as done by Nussinov as well as in Ref. [75].

Even if one is able to produce an asymmetry above or around theelectroweak scale,
the (techni)baryon number is spoiled by quantum anomalies.Fortunately, although the
baryon (B), technibaryon (TB), lepton (L) number and the new lepton number for the



3.2 Computing the LTB Relic Density. 43

�U(1)i

SU(2)

SU(2)

≡ Υi

Figure 3.4: Triangle diagram giving rise to the anomaly thatbreaks e.g. the baryon
number or the lepton number fori = B,L respectively. The two bosons are the gauge
bosons of theSU(2)L group. The particles looping in the triangle are left-handed
particles with chargei.

new lepton family (L′), are not conserved individually, their differences, e.g.B − L
and3TB − L are preserved.

This is seen from the contributions of the triangle diagramsof the type shown in
Fig. 3.4. For theU(1)B of the baryon number the diagram is proportional to

ΥB ∼
1

3
NgNc , (3.13)

where the fraction1/3 is the baryon number of a single quark,Ng is number of number
of generations in the SM andNc is the number of colors. For the leptons we have

ΥL ∼ Ng , (3.14)

where the lepton number is unity. In order to construct a conserved current, one simply
subtracts the two anomalous currents

∂µ(Jµ
B − Jµ

L) = 0 , (3.15)

and the conserved quantum number isB − L , whereB = B1 + B2 + B3 andL =
Le + Lµ + Lτ .

This is all well known, but it is useful to see explicitly whenconstructing the new
conserved quantum numbers. For the technibaryons, the anomaly contribution reads

ΥTB ∼
1

3

Ntc(Ntc + 1)

2
= 1 for Ntc = 2 , (3.16)

whereNtc is the number of technicolors,1/3 is the technibaryon number per techni-
quark and the remaining factor is the number of colors in theSU(2)-Adj. model. For
the new lepton family we assign the quantum numberL′ and the anomaly contribution
is

ΥL′ ∼ 1 , (3.17)

where unity has been assigned to a single new lepton. By constructing conserved cur-
rents with the new constituents in the model we can make a series of “good” quantum
numbers (forNg = 3)

B − L , 3TB − L , 3L′ − L , (3.18)

TB − L′ , B − 3L′ , 3TB −B . (3.19)

These quantum numbers are very useful to have in mind when constructing the sphaleron
process later.
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The fact that bothB−L and3TB−L are conserved allows for a nonzero (techni)-
baryonic asymmetry to survive. The process leading to a violation ofB + L and
3TB + L, but conservation of the above quantum numbers, is termed a “sphaleron”
process and is at the present time negligible. However this process was active during the
time the Universe had a temperature above or at the scale of the electroweak symmetry
breaking (∼ 250 GeV). Indeed this process was rapid enough to thermalize baryons,
leptons and technibaryons. At some point as the Universe expands and its temperature
falls, the baryon-lepton-technibaryonnumber violating process ceases to be significant.
The precise value of this temperatureT ∗ depends on the underlying theory driving
electroweak symmetry breaking. Within the SM framework andassuming the validity
of the semi-classical calculation of the tunneling effect [76],T ∗ has been estimated by
equating the rate of the sphaleron process toH . According to Ref. [76],T ∗ satisfies
the following equation

T ∗ =
2MW (T ∗)

αw ln
(

MP l

T∗

)B
(
λ

αw

)
, (3.20)

whereMW is the mass of theW bosons,MPl is the Planck scale,αw is the weak
coupling constant,λ is the self coupling of the Higgs boson andB(λ/αW ) is a function
that takes on values from 1.5 to 2.7 as the ratioλ/αW goes from zero to infinity [76,
77]. As we already mentioned, this formula is an approximation and it depends on the
not very well known ratio ofλ/αW . According to what is the value of this ratio,T ∗

can vary within the150− 250 GeV range. In technicolor theories, since the Higgs is a
composite object, the self-couplingλ is in principle calculable. An estimationλ = 1/8
for our specific model was given in Ref. [49]. SinceαW = 1/29 (or a bit smaller at
the electroweak scale), the ratioλ/αW gives aT ∗ around200 GeV.

Now it is time to introduce the chemical potentials for the relevant particle species.
We here follow Ref. [78]

µW for W− µdL for dL, sL, bL

µ0 for φ0 µdR for dR, sR, bR

µ− for φ− µiL for eL, µL, τL

µuL for uL, cL, tL µiR for eR, µR, τR

µuR for uR, cR, tR µνiR for νeR, νµR, ντR

µνiL for νeL, νµL, ντL

where the indicesL andR denote chirality. We have a common chemical potential
for the up, charm and top quarks, and a different one for the other triplet of down,
strange and bottom. A common chemical potential has to do with the fact that at the
scale of interest, QCD interactions put quarks of the same charge on equal footing.
We introduce a different chemical potential for all of the leptons. Also in order to be
as general as possible we have assumed the existence of righthanded neutrinos and
introduced different chemical potentials for the left and the right handed particles. The
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thermal equilibrium conditions associated to the weak interactions read

µW = µ− + µ0 (W− ↔ φ− + φ0) , (3.21)

µdL = µuL + µW (W− ↔ ūL + dL) , (3.22)

µiL = µνiL + µW (W− ↔ ν̄iL + eiL) , (3.23)

µνiR = µνiL + µ0 (φ0 ↔ ν̄iL + νiR) , (3.24)

µuR = µ0 + µuL (φ0 ↔ ūL + uR) , (3.25)

µdR = −µ0 + µW + µuL (φ0 ↔ dL + d̄R) , (3.26)

µiR = −µ0 + µW + µνiL (φ0 ↔ eiL + ēiR) , (3.27)

where it is understood that the Higgs is a composite of two techniquarks. The Gold-
stone bosons of Eq. (2.88) are gauged under the weak symmetryand hence we intro-
duce the following chemical potential for these Goldstone bosons and the new lepton
family of Eq. (2.64)

µζL for ζL µUU for UU

µζR for ζR µUD for UD

µν′L for νζL µDD for DD

µν′R for νζR

The corresponding thermal equilibrium equations for the extra particles introduced by
the technicolor theory per se are

µζL = µW + µν′L (ζL ↔W− + νζL) , (3.28)

µUD = µDD − µW (DD ↔ UD +W−) , (3.29)

µUU = µUD − µW = µDD − 2µW (UD ↔ UU +W−) , (3.30)

µζR = −µ0 + µζL (φ0 ↔ ζL + ζ̄R) , (3.31)

µν′R = µ0 + µν′L (φ0 ↔ ν̄ζL + νζR) , (3.32)

where Eq. (3.29) has been used in Eq. (3.30).
Each classical gauge and scalar field configuration with a given topological number

leads to a simultaneous jump forall of the anomalous charges. Hence each quark-
doublet generation, lepton-doublet generation, the new lepton family number as well
as techniquark number are violated by the same classical field configuration. The one
loop anomalous coefficient dictates the relative amount of the jump for each anomalous
charge when turning on a given classical field configuration.

With the normalization of1/3 for the technibaryonic charge for our techniquarks
and1/3 for the ordinary quark-baryonic charge of the quarks,1 for all of the leptons,
the simplest classical configuration with one unit of topological charge will induce a
transition from the vacuum of the theory to a state containing three baryons (per each
generation), one lepton (for each generation), a technibaryon-like object with three
technibaryons and one new lepton. The explicit construction of the sphaleron process
is

Vacuum ⇒
3∏

i=1

(
ǫff̃ ǫf

′f̃ ′

ǫabcψ
a
i,fψ

b
i,f̃
ψc

i,f ′ li,f̃ ′

)
×
(
ǫff̃ǫf

′f̃ ′

ǫABCQ
A
f Q

B
f̃
QC

f ′Lf̃ ′

)
, (3.33)
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whereψ are SM quarks,l SM leptons,Q techniquarks,L the new leptons, the product
is over the SM generations withi a generation index,f, f̃ SU(2)L indices taking on
values which are either the first or the second constituent inanSU(2)L doublet,a, b, c
are QCD-color indices and finallyA,B,C are technicolor adjoint indices. We see that
it is necessary to have three techniquarks in the sphaleron process in order to have a
weak charge neutral and in the same time a electric charge neutral object. Thus the
technibaryon number is defined as1/3 per techniquark even though the technibaryonic
sector will consist of only two techniquarks.

The relation among the chemical potentials emerging from the above is

3(µuL
+ 2µdL

) + µ+
1

2
µUU + µDD + µν′ = 0 . (3.34)

The parameterµ is defined as
∑

i µνiL ≡ µ. We have assumed that the difference in the
baryon number between two different quark-doublet generations is created identically
before the electroweak phase transition. A similar relation will be assumed for the
lepton charges. Note that the difference is not affected by the weak anomaly and hence
will not be generated later on.

We can now turn to the calculation of number densities. The difference between
the number densities of particles and their corresponding antiparticles is given by

n = n+ − n− = g

∫
d3k

(2π)3
1

z−1eEβ − η − g
∫

d3k

(2π)3
1

zeEβ − η , (3.35)

wheren+ andn− are the number densities of the particles and antiparticles, respec-
tively. The constantg is the multiplicity of the degrees of freedom (spin for example),
β = 1/T in unitskB = 1, andη takes on the values1 and−1 for bosons and fermions,
respectively. The fugacityz = eµβ andE is the energy. The ratioµ/T is sufficiently
small in the Universe, that we can Taylor expand the above relation. The number den-
sity now can be written as

n =

{
gT 3 µ

T F
(

m
T

)
for fermions,

gT 3 µ
T G

(
m
T

)
for bosons,

(3.36)

where the functionsF andG are defined as follows

F (z) =
1

4π2

∫ ∞

0

dx x2 cosh−2

(
1

2

√
x2 + z2

)
, (3.37)

G (z) =
1

4π2

∫ ∞

0

dx x2 sinh−2

(
1

2

√
x2 + z2

)
. (3.38)

We now differentiate two cases according to the order of the electroweak phase tran-
sition. In the case of a second order or weak first order electroweak phase transition
we expect that the temperatureT ∗ is below the temperature of the phase transition.
This means that the baryon, lepton and technibaryon violating process persists after
the phase transition. The second possibility is to have a strong first order phase transi-
tion where the violating process freezes right at the phase transition. We are going to
examine separately the two different cases.

Assuming that the violating process persists even after thephase transition, we need
to impose two conditions: Electric neutrality and thatµ0 = 0, since the Higgs boson
condenses and the electroweak symmetry breaks spontaneously. Recall that we can
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introduce a nonzero chemical potential only for unbroken symmetries whose generators
commute with all of the gauge ones. Here the Higgs boson is a composite particle,
made of techni-up and techni-down quarks(ŪU + D̄D)/

√
2. Therefore when we

refer toµ0 as the chemical potential, we mean the chemical potential ofthe composite
object.

From Eq. (3.36) we see that the number densities, in the leading approximation, are
linear in the chemical potential for smallµ/T . For convenience we express the baryon
number density as

B ≡ nB − nB̄

gT 2/6
. (3.39)

We shall use the same normalization (dividing the number density by gT 2/6) also for
the lepton number, technibaryon number etc. Since in the endwe only care for ratios
of number densities, the normalization constant cancels out.

We conveniently define the functionσ as follows

σi =

{
6F

(
mi

T∗

)
for fermions,

6G
(

mi

T∗

)
for bosons,

(3.40)

whereF andG are those of Eq. (3.37) and (3.38), respectively and the index i refers
to the particle in question.

For all of the SM particles, the statistical function is taken to be 1 and 2 for massless
fermions and bosons, respectively, except for the top quarkwhich we treat massive, as
mt is of orderT ∗. The reason why we can take the other SM particles to be massless
in the statistical function is thatm ≪ T ∗. However, the technibaryons as well as
the particles of the new lepton family have masses that cannot be ignored. We should
emphasize that we calculate the baryon and lepton numbers atthe temperatureT ∗

where the sphaleron dies out.
The baryon density can be written as

B =
3

3
[(2 + σt)(µuL + µuR) + 3(µdL + µdR)] ,

= (10 + 2σt)µuL + 6µW + (σt − 1)µ0 , (3.41)

where Eqs. (3.22), (3.25) and (3.26) have been used and the factor in the first line
includes number of colors and the baryon number of each quark, which is1/3. The
factor 3 of the down-type quarks is the number of families andequivalently the factor
2 + σt is the number of families taking into account the top mass effect.

Similarly the lepton number for the SM leptons is

L =
∑

i

(µνiL + µνiR + µiL + µiR) ,

= 4µ+ 6µW . (3.42)

For the new lepton family we have

L′ = σζ(µζL + µζR) + σν′(µν′L + µν′R) ,

= 2(σν′ + σζ)µν′L + 2σζµW + (σν′ − σζ)µ0 . (3.43)

Similarly for the technibaryons we get

TB =
2

3
(σUUµUU + σUDµUD + σDDµDD) ,

=
2

3
(σUU + σUD + σDD)µDD −

2

3
(σUD + 2σUU )µW . (3.44)
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The charge constraint for all the particles is

Q =
2

3
· 3(2 + σt)(µuL + µuR)− 1

3
· 3 · 3(µdL + µdR)

−
∑

i

(µiL + µiR)− 2 · 2µW − 2µ−

+ 2σUUµUU + σUDµUD − 2σζ(µζL + µζR)− σν′(µν′L + µν′R) . (3.45)

For the first order phase transition we will need also the neutrality with respect to the
weak isospin charge which is

Q3 =
3(2 + σt)

2
µuL −

3 · 3
2
µdL +

1

2

3∑

i=1

(µνiL − µiL)− 4µW − (µ0 + µ−)

+ (σUUµUU − σDDµDD) +
1

2
(σν′µν′L − σζµζL) . (3.46)

The need for the isospin neutrality condition, in the first order case, comes from the fact
that we are computing our final relic densities above the electroweak phase transition
where the weak isospin is unbroken.

Since it is not clear whether the electroweak phase transition is first or second order,
we should examine both cases. It is expected as in Ref. [78] that a strong first order
phase transition occurs fast enough to “freeze” the baryon and technibaryon violating
process just at the transition. In this case one calculates the equilibrium conditions
just before the transition. On the other hand, in a second order phase transition we
expect the violating process to persist below the phase transition and the equilibrium
conditions are imposed after the phase transition. If the phase diagram as function of
temperature and density of our technicolor theory would be known, a specific order of
the electroweak phase transition would be used.

When the ratio between the number densities of the technibaryons to the baryons
is determined, we have

ΩTB

ΩB
=

3

2

TB

B

mLTB

mp
, (3.47)

heremLTB is the mass of the LTB (themDD) andmp is the mass of the proton.
Note that a possible mixing between the new family and an ordinary SM family

would dilute the relativeνζ abundance and eventually annihilateL′ .

3.2.1 2nd Order Phase Transition

Here the two conditions we have to impose are: Overall electrical neutrality and
µ0 = 0 for the chemical potential of the Higgs boson. The ratio between the number
density of the technibaryons to the baryons can be expressedas function of theL/B
andL′/B ratios. In order to provide a simple and compact expression,we consider the
limiting case in which theUU andUD technibaryons are substantially heavier than the
DD companion, the top is light with respect to the electroweak phase transition tem-
perature and the new lepton family is degenerate, i.e.σζ = σν′ . In this approximation
the ratio simplifies to

−TB
B

=
σDD

3(18 + σν′)

[
(17 + σν′) +

(21 + σν′)

3

L

B
+

2

3

(9 + 5σν′)

σν′

L′

B

]
. (3.48)
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Figure 3.5: Plot representing the region of the parameters according to which the
fraction of technibaryon matter density over the baryonic one takes on the values
[3.23, 5.55]. We consider here a second order phase transition. The parameters in
the plot are the mass of the LTB dark matter particle andξ of Eq. (3.49). The plot
includes various values ofT ∗. The dotted line separates areas of abundant particles
and anti-particles.

The results of the calculation are summarized in Fig. 3.5. This figure shows what
are the allowed values of the parameterξ defined below, as a function of the mass of
the LTB, for a givenT ∗, if the LTB accounts for the whole dark matter density of
the Universe. The parameterξ can be considered, roughly speaking, as the total ratio
of lepton over baryon number density, with the new lepton family number densityL′

weighted “appropriately” due to the large mass thatνζ andζ carry.
For convenience, with respect to plotting the results, we define the following pa-

rameter

ξ ≡ L

B
+

2

σν′

9 + 5σν′

21 + σν′

L′

B
. (3.49)

With this definition at hand the ratio of technibaryons to baryons reads

−TB
B

=
σDD

3(18 + σν′)

[
(17 + σν′ ) +

(21 + σν′)

3
ξ

]
. (3.50)

From Fig. 3.5 we see for example that ifL′ = 0 (no new leptons present) while also
havingL/B = −4, we need a mass for the LTB somewhere between 1.1 to 2.2 TeV,
according to what is the freeze out temperatureT ∗. We should emphasize that there
are two branches of allowed values forξ, separated by the dotted horizontal line. The
lower branch, as for example the one we just described withξ = −4, corresponds to
a relic density made by technibaryonsDD. The upper set of allowed values, (as for
ξ = 2), corresponds to theDD antiparticle.

In Fig. 3.6 we show the dependence of the neutral technibaryon matter density as
a function of its mass for a fixed value of the parameterξ. We see that if the LTB mass
is lighter than roughly a TeV, the density of the particles isvery large, giving a too
large ratioΩTB/ΩB. So, for a given value ofξ andT ∗, WMAP data put constraints
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on the allowed mass of the technibaryon. On the other hand if we increase sufficiently
the mass of the technibaryon, we can get a ratio less than 4-5,which means that the
technibaryon can be a component of the dark matter density.

3.2.2 1st Order Phase Transition

If the electroweak phase transition is predicted to be of (strong) first order, then the
baryon, lepton and technibaryon violating process “freezes” slightly above the phase
transition. For this reason, we have to impose two conditions; the overall charge neu-
trality Q = 0 andQ3 = 0 , whereQ3 is the charge associated with theT3 isospin
generator of the weak interactions. This charge has to be zero because, above the phase
transition, the electroweak symmetry is not broken and thereforeQ3 = 0 in the Uni-
verse.

The technibaryon over baryon number density ratio is, in thesame approximation
as was used for the second order phase transition

−TB
B

= σDD
22 + σν′

9(22 + 2σDD + σν′)

[
3 +

L

B
+

1

σν′

L′

B

]
. (3.51)

T ∗ is expected to be larger than that of the second order case, i.e. it should be identified
with the critical temperatureT c of the electroweak phase transition. This fact forces
the mass of the LTB to be larger than that of the second order case to describe the whole
dark matter. Our results are summarized in Fig. 3.7. As in thecase of the second order
phase transition, we have plotted the allowed values of theξ parameter as function
of the LTB mass, under the WMAP constraints regarding the overall density of dark
matter in the Universe.ξ is, however, slightly different in this case

ξ ≡ L

B
+

1

σν′

L′

B
. (3.52)

Using the previous example ofL′ = 0 andL/B = −4, one obtains an LTB mass of
around 2.2 TeV.

3.3 Detection of the Neutral Technibaryon

Apart from the possibility of detecting a technibaryon in e.g. the LHC experiment
it would certainly be interesting to detect the neutral technibaryon in earth based ex-
periments for dark matter searches such as the CDMS [79, 80, 81, 82]. There are two
basic ingredients affecting the detection of a cold DM object in these kinds of experi-
ments. The first one is how large is the cross section of the object to be observed with
the matter in the detector. The second has to do with the localdensity of DM in general
and of the specific component of DM in particular. Current estimates suggest that the
local density for a single component should be somewhere between 0.2-0.4 GeV/cm3.
It is evident that the higher the cross section and the local density of dark matter are,
the larger are the chances for the detection of the particle.The CDMS collaboration
for example, can identify WIMPs by observing the recoil energy produced in elastic
scattering between the WIMP and a nucleus in the detector. The expected rates of
events per unit time and mass of the detector, has been calculated in several places and
we refer to the review paper by Lewin and Smith [83] for a complete list of relevant
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references. The number of counts reported by the detector per unit time, mass of the
detector and recoil energy is

dR

dT
=

R0

E0r
e−T/E0r , (3.53)

whereT is the recoil energy of the nucleus,E0 is the kinetic energy of the WIMP and
r = 4mMn/(m+Mn)2, m andMn being the masses of the WIMP and the nucleus,
respectively. The parameterR0 is the total rate containing the information about the
cross section and is given by

R0 =
2

π1/2

N0

A

ρdm

m
σ0υ0 , (3.54)

whereN0 is the Avogadro number,A is the atomic number of the nucleus of the detec-
tor, ρdm is the local dark matter density,σ0 is the cross section for an elastic collision
between the WIMP and the nucleus andυ0 is the thermal velocity of the WIMPs. One
should note here that Eq. (3.53) is an approximate expression. In reality the calculation
is more elaborate. For example, in principle one has to assume a Maxwell distribution
for the velocities of the WIMPs up to the escape velocity for our galaxy. In addition,
the effect of the motion of the earth relatively to the halo should be considered. These
factors can change the expected rate. The total rate of counts can be more usefully
rewritten in convenient units as

R0 =
503

Mnm

(
σ0

1pb

)( ρdm

0.4GeVcm−3

)( υ0

230kms−1

)
GeV2

kg.days
. (3.55)

Since our prospective dark matter component is a Goldstone boson, we are inter-
ested only in the spin independent elastic cross section. This is given in natural units
by Ref. [84]

σ0 =
G2

F

2π
µ2Ȳ 2N̄2F 2 , (3.56)

whereGF is the Fermi constant and̄Y = 2Y . For a Dirac fermion̄Y = YL + YR and
µ is the reduced mass of the WIMP and the nucleus target.

N̄ = N − (1 − 4 sin2 θw)Z , (3.57)

whereN andZ are the number of neutrons and protons in the target nucleus andθw is
the Weinberg angle. The parameterF 2 is a form factor (squared) for the target nucleus.
The cross section can be written as

σ0 = 8.431× 10−3 µ2

GeV2 Ȳ
2N̄2F 2 pb . (3.58)

The Ge atom has 41 neutrons and 32 protons, giving anN̄ = 38.59. Our LTB has
Ȳ = 1 . 2 Since SM neutrinos havēY = 1/2, the cross section for the technibaryon
will be four times larger than the one corresponding to a heavy neutrino. As we already
mentioned, for typical values of theL/B ratio, in order to get the entire density for the
dark matter, the mass of the technibaryon should be of the order of a TeV. The form

2We have directly computed this value forȲ using the effective Lagrangian in Ref. [1]. For a genericy

we haveȲ = 2y − 1 and it coincides with the value, one deduces by constructingthe LTB wave function as
follows:

√
2 |LTB〉 = |DLDL〉 − |DRDR〉 .
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factorF 2 for the nucleus of Ge depends on the recoil energyT . It models the loss of
coherence of the scattering for large recoil energies. For typical values of the recoil
energy around 20-50 keV, one expectsF 2 to be around0.58. We estimated the nuclear
form factorF using the solid sphere approximation− proper for the spin-independent
WIMP interaction− which can be found in Ref. [83]. The solid sphere approximation
reads

F 2(qrn) =
3 (sin(qrn)− qrn cos(qrn))

(qrn)3
, (3.59)

where

q = 6.92× 10−3

√
AT

keV
rn fm−1 , (3.60)

rn ≃ 1.14A1/3 fm , (3.61)

with T the recoil energy andA the atomic number. This implies that the nuclear form
factor ranges from0.72 to 0.43 when the recoil energy ranges from 20 to 50 keV.3

The number of counts that are detectable is given by

counts =
dR

dT
∆T × τ , (3.62)

whereτ is the exposure of the detector measured in kg.days and∆T is the energy
resolution of the detector. In the CDMS experiment, a 19.4 kg.days exposure was
achieved for the Ge detectors with an energy resolution of∆T = 1.5 keV. So far no
counts have been found. The90% level of confidence would lead to 2.3 counts.

If we assume that our LTB constitutes the entire DM in the Universe, we have seen
from our previous computations, that a typical value of the mass is about 2 TeV, for the
second order phase transition case. Taking a recoil energy around 50 keV,ρdm = 0.3
GeV/cm3 andF 2 ∼ 0.43, the number of counts predicted is around 13 which is a
value few times larger than the 90% confidence value presented before. By stretching
the parameters we can reduce, or even annihilate the gap, between our prediction and
experimental bounds. Using still a mass around 2 TeV, but choosing a different set of
inputs, i.e.ρdm = 0.1 GeV/cm3, F 2 ∼ 0.3 andT = 70 keV, one finds around two
predicted counts. Hence we would be within the 90% confidencelevel. Under these
rather extreme conditions, one cannot yet completely exclude the possibility that our
WIMP can constitute the entire DM in our Universe. Another simple way to reduce the
gap between experiment and our LTB particle, if we imagine itto be a component of
DM, is to increase its mass. In doing so, however, we neglect the relevant information
gained in the previous sections in which we related the mass of the LTB to the fraction
of DM in the Universe, it can account for.

We now take into account, in a more careful way, such a dependence on the mass of
the LTB. From the previous section we learned that the general trend is that the amount
of DM saturated by our LTB object decreases when increasing the mass of the LTB.
In the absence of a complete computation of how DM distributes itself in the Universe
we make the oversimplifying assumption that the fraction oflocal DM density of our
LTB follows the same fraction of DM in the Universe. At this point we impose the
90% experimental constraint. Our results are reported in Fig. 3.8. In the figure we have
usedF 2 ≃ 0.43 and the thermal velocity is230 km/s. We present both the maximal

3We may have overestimated the nuclear form factor [80]. If the physical value ofF 2 is lower than the
one we used then the allowed fraction of LTB-DM increases.
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Figure 3.8: Top Panel: The maximal fraction of local DM density allowed by the
90% experimental constraint as function of the local DM density and the parameter
ξ of Eq. (3.49).Bottom Panel: For the corresponding maximal fraction of local DM
density currently allowed by the 90% experimental constraint as function of the local
DM density andξ, we plot the associated LTB mass. Both plots are presented with a
second order phase transition withT ∗ = 250 GeV and a recoil energyT = 50 keV.
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fraction of local DM density determined imposing the 90% experimental constraint
(Fig. 3.8) and the associated value of the LTB mass as functions ofξ. We have allowed
for variations of the parameters to make our analysis more complete. Note that we have
allowed the local DM density to reach, in the plots, very large values although a more
modest range (i.e. up to 0.4 GeV/cm3) is probably sufficient.

Summarizing we can say that for reasonable values of the input parameters, the
90% experimental constraint allows for a 10% to 65% of LTB-DMcomponent in the
Universe. The allowed mass for our dark matter component ranges between 1.4 and 3.3
TeV depending on the order of the associated electroweak phase transition as well as
the exact value of the local DM density and the range of the experimental parameters.

Another interesting exercise one can do is to consider how much more the model
is ruled out, so to speak, if the experiment enhances the equipment by being able to
measure lower recoil energies. It is clear that the differential rate with respect to the
recoil energy of Eq. (3.53) is exponentially dependent on the recoil energy. So the first
naive answer is that it makes life exponentially harder for the model in question. But
combining all the information we have gathered at this pointit is also known that the
fraction of DM drops exponentially as function of mass. Withthis at hand we make
the full analysis and show the result of the mass of the LTB andthe fraction of LTB
DM, as function of the recoil energy which is measurable in the experiment and the
ξ parameter, in Fig. 3.9. As seen from the figure, the fraction of dark matter the LTB
particle can constitute, with an experiment having measurable recoil energy down to
10 keV, is less than 10%, but the corresponding masses are not that different (heavier).
It is then, as expected, a point in the experimental researchthat really can make life
hard for model builders.

We have now shown that in any case it is possible that the LTB dark matter particle
only constitutes a fraction of the observed dark matter. Thequestion to be answered
at this point is: What makes the rest of the DM in the Universe?We speculate that
a techni-axion, needed for the solution of the strong CP problem, could be a natural
candidate (see for example Ref. [85]). In this way the two components for DM are
associated to two natural and complementary extensions of the SM. An explicit model
containing axions from technicolor-like dynamics has beenconstructed in Ref. [86].

3.4 Check of Thermal Equilibrium

It is assumed that the particles, including the LTB, are in thermal equilibrium until
the point where the sphaleron process ceases to be important. Considering massless
particles the temperature where the particles would decouple is found from the follow-
ing inequality

Γ & H , (3.63)

whereΓ = n〈σA|υ|〉 is the interaction rate and

H(T ) ≃ 1.66
√
g∗

T 2

MPlanck
, (3.64)

with n the number density,σA the annihilation cross section,υ the velocity of the
particles, the bracket means thermally averaged,g∗ the effective massless degrees of
freedom andT the temperature. The freeze out temperature then is

Tfreeze−out ∼ (MPlanckG
2
F )−1/3 = 0.9 MeV , (3.65)
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whereGF is the Fermi constant. The freeze out temperature is far below the tempera-
ture of the electroweak phase transition, so thermal equilibrium is maintained.

Our LTB particle, though, cannot be considered relativistic and have a finite chemi-
cal potential different from zero. Finally the abundance isasymmetric, so the number
of particles is not equal the number of antiparticles. An estimate of the constituents in
the interaction rate are

n = gT 3 µ

T
g
(mLTB

T

)
, (3.66)

〈σA|υ|〉 ≃ G2
Fm

2
LTB|υ| , (3.67)

whereg is the degrees of freedom for the LTB particle, the functiong is that of
Eq. (3.38) andmLTB is the mass of the LTB particle. Taking the ratioµ/T to be
constant∼ 10−10 [71], the inequality becomes

m2
LTBTg

(mLTB

T

)
&

1.66
√
g∗

gG2
FMPlanck|υ| µT

, (3.68)

g∗ ∼ 106 [71], υ ∼ 230 km/h (converted to a dimensionless number) and we take
g ∼ 2. The freeze out temperature is now found, but depends on the mass of the
LTB particle. The result is shown in Fig. 3.10. It is seen fromthe figure that for a
temperatureT ∗ of the sphaleron becoming unimportant, less than 220 GeV, the mass
of the LTB then has to be relatively small in order for the calculation to be consistent.

It should be noted, that the value used to the ratioµ/T is a course estimate. If the
ratio happens to be larger, then the freeze-out temperaturedecreases.





CHAPTER 4

Unification

There are several intriguing reasons for considering unification of the gauge forces
of the SM. First, experimental values combined with one loopperturbation theory, ex-
trapolated to very high energy, reveals that the SM gauge couplings do not unify, but
they show a trend that by including some extension it might very well be plausible.
Next, the quantization of electric charge is not explained in the SM and can be a relic
of the breaking of a larger gauge group, e.g.SU(5). One can hope to find the right
mechanisms for flavor physics and connections between gaugecouplings via unifica-
tion in a unifying theory that is not at odds with experimental bounds. The mentioned
unification into the groupSU(5) has severe problems with proton decay, which still is
unobserved (or at a very low rate, hence e.g. physicists are here).

We are not going to make a thorough introduction to the very interesting topic of
unification, but we will just introduce some pragmatic notions for computations and
will have to refer to the literature. Good places to start aree.g. Refs. [87, 88].

4.1 One Loopβ-function Computation

In the following, we will use the one-loopβ-function to relate the coefficients of the
logarithmic term in the different running coupling constants in the SM to the measured
couplings at low energy (theZ mass scale). This is done by assuming unification and
then extrapolating the coupling constants to the unification scale, using the running
prescribed by the renormalization group equations, and then eliminating the energy
scale as well as the unification scale.

Theβ-function is defined as follows [9]

t
∂λ

∂t
= β (λ(t)) ⇒

∫ λ

λ̄

dλ′

β(λ′)
= ln t , (4.1)

whereλ is the coupling constant,t is the scale factor multiplying the momentum in the
renormalization group equations andλ̄ is the coupling where the scale factort = 1. To
one loop theβ-function takes the form

β(λ) =
b0

(4π)2
λ3 , (4.2)

whereb0 is a constant. The running coupling constant can then be integrated

α−1(t) =
4π

λ2(t)
= C − 1

2π
b0 ln t , (4.3)
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with C an integration constant, which can be fixed by a known value ofthe coupling at
scaleM

α−1(µ) = α−1(M)− 1

2π
b0 ln

( µ
M

)
, (4.4)

with µ the energy scale.
Theβ-function can in general be calculated to one loop with the knowledge of the

group structure of the gauge theory [89]

β(λ) =
1

(4π)2
λ3

[
2

3
T (R1)d(R2) +

1

3
T (S1)d(S2)−

11

3
C2(G1) ≡ b0

]
, (4.5)

whereT (R1) is the Casimir of the representation under which the fermiontransforms
andd(R2) is the dimension of the representation of the representationR2, whereR2

parametrizes the other gauge groups the fermion transformsunder. For scalars, the
same apply where the representations are denoted byS1,2. C2(G1) is the quadratic
Casimir for the adjoint representation of the gauge group. For various group theoretical
properties of Abelian and non-Abelian groups, see AppendixA.2.

Theβ-function coefficientb0 for the fundamental representation ofSU(N) is

b0 =
1

3

∑

f∈fermions

df +
1

6

∑

s∈bosons

ds −
11

3
N . (4.6)

For the two-index symmetric representation ofSU(N)

b0 =
N + 2

3

∑

f∈fermions

df +
N + 2

6

∑

s∈bosons

ds −
11

3
N . (4.7)

In the case of the Abelian groupU(1), the generatorY has to be normalized with re-
spect to some normalization condition. The non-Abelian generators are usually already
normalized as

Tr
{
T aT b

}
=

1

2
δab . (4.8)

One condition commonly used is to set the trace of theU(1) of hypercharge equal to
the trace of the isospin generatorT3

Tr Ỹ 2 ≡ Tr cY 2 = Tr(T 3)2 . (4.9)

The reason why it is necessary to normalize the generator correctly, is that they all
have to be embedded into a larger framework in the unified theory and the hypercharge
generator can be multiplied by a constantc while the couplingg′ is divided byc and
the physics at the Lagrangian level is still the same.

Theβ-function coefficient in theU(1) case then becomes

b0 =
2

3

∑

f∈fermions

Ỹ 2
f df +

1

3

∑

s∈bosons

Ỹ 2
s ds , (4.10)

whereỸ is the normalized hypercharge generator.
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Assuming unification, we can write down Eq. (4.4) for each gauge coupling in the
SM

α−1
1 (µ) = α−1

U −
1

2π
b10 ln

(
µ

MU

)
, (4.11)

α−1
2 (µ) = α−1

U −
1

2π
b20 ln

(
µ

MU

)
, (4.12)

α−1
3 (µ) = α−1

U −
1

2π
b30 ln

(
µ

MU

)
, (4.13)

whereαU is the coupling constant at the unification scale. Eliminating theαU and the
logarithmic factor, we get the following expression

α−1
2 (MZ)− α−1

3 (MZ)

α−1
1 (MZ)− α−1

2 (MZ)
=
b20 − b30
b10 − b20

, (4.14)

where the indices1, 2, 3 denoteSU(3)c, SU(2)L andU(1)Y , respectively. In order to
compare with experimental data, we need to relate the couplings of the gauge forces to
the electroweak parameters

α−1
1 (MZ) =

4πc

g′2
= c

1− s2Z
αQED(MZ)

(4.15)

α−1
2 (MZ) =

s2Z
αQED(MZ)

, (4.16)

whereαQED(MZ) is the QED fine structure constant evaluated at theZ mass.
Evaluating the normalization condition for the (one family) 1 SM, we get

c
10

3
= 2 ⇒ c =

3

5
. (4.17)

Thus the hypercharge generator is

Ỹ =

√
3

5
Y . (4.18)

The left-hand-side (lhs) of Eq. (4.14) can be computed with the experimental val-
ues and one obtains∼ 0.72 using the data from the particle data group (PDG), see
Appendix A.3. The rhs. is then the prediction by the theory, and if it is the exact value
of that of the lhs., the model predicts unification.

One can amuse oneself with the trivial calculations of the one loopβ-function
coefficients

b10 =
4Ng

3
+

1

10
=

41

10
, (4.19)

b20 =
4Ng

3
+

1

6
− 22

3
= −19

6
, (4.20)

b30 =
4Ng

3
− 11Nc

3
= −7 , (4.21)

1Taking into account all three families will just be a factor of 3 on each side of the equation and thus will
not changec .
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whereNg is the number of SM generations andNc is the number of QCD colors. The
rhs. of Eq. (4.14) can then be evaluated to be115/218 ∼ 0.53, which is quite off with
respect to the experimental value (the lhs.).

Repeating the calculation for theSU(2)-Adj. model with a generic choice of the
hypercharge parametery, we first have to take care of the normalization of the hyper-
charge generator. In order to keep everything clear with respect to the normalizations at
different scales, we use the running coupling constantsαi for the SM particle content,
where

αi(µ) , µ ∈ [MZ , ǫMZ] , 1 < ǫ≪ MU

MZ
, (4.22)

with MU being the unification scale. In the oversimplified approximation, we imagine
that all the new particles are added to the theory at scaleǫMZ . For the total particle
content which is the SM and the technicolor particles, we denote the running couplings
α̃i

α̃i(µ) , µ ∈ [ǫMZ ,MU ] . (4.23)

For the hypercharge coupling, the normalization constantc will in general differ from
that of the SM normalized one. Playing the same game as before, we can write down
a relation between theβ-function coefficients̃bi0 of the running coupling constants for
the full particle content and the running coupling constants

α̃−1
2 (ǫMZ)− α̃−1

3 (ǫMZ)

α̃−1
1 (ǫMZ)− α̃−1

2 (ǫMZ)
=
b̃20 − b̃30
b̃10 − b̃20

. (4.24)

Using that
αi(ǫMZ) = α̃i(ǫMZ) , (4.25)

as well as Eqs. (4.11-4.13) with the unification scale replaced by theZ mass scale (and
the fact that the couplings do not unify at theZ mass scale), we obtain

α−1
2 (MZ)− b2

0

2π ln ǫ− α−1
3 (MZ) +

b3
0

2π ln ǫ

α−1
1 (MZ)− b1

0

2π ln ǫ− α−1
2 (MZ) +

b2
0

2π ln ǫ
=
b̃20 − b̃30
b̃10 − b̃20

. (4.26)

Taking for simplicity (and to fairly good approximation) the limit of ǫ → 1, which
is the same as inserting all the new particles just after theZ mass scale, the relation
simplifies to

α−1
2 (MZ)− α−1

3 (MZ)

α−1
1 (MZ)− α−1

2 (MZ)
=
b̃20 − b̃30
b̃10 − b̃20

, (4.27)

where we identify the lhs. as that of Eq. (4.14). We understand this because there is
not yet added particles. The rhs. of Eq. (4.27), though, contains the coefficients of
the logarithmic terms, all the way up to the unification scaleMU and includes all the
particles. Computing the normalization constant for the hypercharge generator for the
α̃1 coupling constant, we get

c

(
10Ng

3
+

1

4

(
2 +Ntc(Ntc + 1) + 2 (18 +Ntc(Ntc + 1)) y2

))
= 2Ng + 2 ,

⇒ c =
24(1 +Ng)

40Ng + 3 (2 +Ntc(Ntc + 1) + 2(18 +Ntc(Ntc + 1))y2)
. (4.28)
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With this at hand it is easy to write down theβ-function coefficients of the technicolor
model, here for generic number of technicolorsNtc

b̃10 =
4(Ng + 1)

3
, (4.29)

b̃20 =
4Ng

3
+

1

6
(2 +Ntc(Ntc + 1))− 22

3
, (4.30)

b̃30 =
4Ng

3
− 11Nc

3
, (4.31)

b̃40 =
2

3
(Ntc + 2)Nf −

11Ntc

3
, (4.32)

whereNf is the number of techniflavors, which is two in the case of the minimal one
doublet case. The index 4 refers to the technicolor force. This is a remarkable result.
All the way the computation is completely generic. The hypercharge parametery has
not been specified, but still it has vanished from theβ-function coefficients. There is a
simple explanation to this. We have only fermions (and gaugebosons), but no scalars
in the theory. Thus, theβ-function coefficient̃b10 is simply

b̃10 =
2

3
TrỸ 2

f =
2

3
Tr(T 3)2 =

2

3
(2Ng + 2) , (4.33)

which shows consistency, as it is the same result as that of Eq. (4.29). This, however,
would not necessarily be the case if the theory had both fermions and scalars, as they
are weighted differently in theβ-function coefficient, but not in the normalization of
the hypercharge generator.

In the case of three QCD colors, two technicolors and one doublet of techniquarks,
the coefficients simplify to

b10 =
16

3
, b20 = −2 , b30 = −7 , b40 = −2 . (4.34)

It is then straightforward to check unification of the model and one obtains the remark-
able result15/22 ∼ 0.68 for the rhs. of Eq. (4.27), which is much better than that of the
SM. It should be noted, that this model (theSU(2)-Adj.) is not a full theory explaining
all the problems of Section 2.1.4. Therefore it is not known which contributions the
extended technicolor (or any equivalent extension of the model) will make. So if a
small correction is added to the running of the gauge couplings, they might very well
unify.

The couplings of the pure SM and the SM with theSU(2)-Adj. model as an ex-
tension, are shown in Figs. 4.1 and 4.2, respectively. An interesting point is observed
from Fig. 4.2 (but also from Eq. (4.34)) that the slope of the techniforce is such, that
unification of all four gauge forces in one point is not possible, if the electroweak sym-
metry has to break before chiral symmetry in QCD (assuming that CSB occurs when
the gauge force becomes strong).

It is interesting to see how good the approximation of takingǫ→ 1 is, which is the
same as inserting the new particlesjust after theZ mass scale. The lhs. of Eq. (4.26)
changes with respect to the lhs. of Eq. (4.14), when movingǫ away from 1. Increasing
ǫ to 50, which corresponds to inserting the new particles at fifty times theZ mass scale
implies a monotonic increase in the value of the lhs. of Eq. (4.26) to below the 1 percent
level, so the approximation ofǫ→ 1 can indeed be considered quite good.
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CHAPTER 5

Competing Models

It is out of the scope of this thesis to make a review of all the competing models, so
in the lack of space we will just mention a few of them and referto the literature.

It is already mentioned in the introduction that there are (at least) three different
methods to cure the naturalness problem of the SM Higgs boson(see Section 1.2).

Of recent works in the technicolor field, it is worth to mention Christensen and
Shrock’s extension of technicolor with two ETC groups [90].Hong and Yee have
made a holographic estimate of the oblique corrections for walking technicolor [91].
In the line of the holographic approach, Hirn and Sanz have shown that a negativeS
parameter in technicolor is possible [92]. Davoudiasl has considered a cosmological
scenario with a techniaxion [85]. Lane has considered low energy searches in existing
experimental data sets for technicolor (in the TechnicolorStraw Man framework) [93],
but also Feligioni has made work in this direction [94]. Recent considerations in the
direction of topcolor assisted technicolor models have been made, see Refs. [95, 96].
But this is just a few of the recent works.

A very popular model, in the supersymmetric scenario, is theminimal supersym-
metric SM (MSSM). As already explained, it solves the naturalness problem by cancel-
lation of quadratic divergences in the quantum correctionsbetween the Higgs bosons
(there are usually two doublets, in order to make the higgsinos anomaly free) and the
higgsinos. This is in some way the same as saying that we want to believe in an extra-
polation of the SM up to the Planck scale (or GUT scale), whichmay be naive but might
as well be nature (and very good for the string theory community). Among the advan-
tages of the MSSM is that everything is perturbative and calculable. This fact has made
many theorists make a great effort exploring signatures andthus it is a model where
the experimentalist really know what to look for (which in the end is how physics is
determined!). This is a problem with strongly interacting theories; it is much harder to
tell exactly what are the observables seen at the collider experiment. The MSSM also
has some candidates for dark matter, which typically is a neutralino WIMP. But there
are still problems left in the MSSM: Flavor physics, theµ problem (which in short is a
new hierarchy problem of the model), the strong CP problem (which is problematic as
an axion is not directly compatible) and finding a mechanism to softly break supersym-
metry. For references, a good place to start is in Refs. [97, 98, 99, 58]. An introduction
to supersymmetric dark matter candidates can be found in e.g. Ref. [73].

In the little Higgs models, the Higgs boson is a pseudo Goldstone boson and its
mass is protected from one loop quadratic divergences by approximate global symme-
tries. The models rely on acollectivesymmetry breaking in which there is onlylittle
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or no fine tuning necessary. There are different variants as the Minimal Moose and the
Littlest Higgs. In this scenario typical problems still areto establish their phenomeno-
logical naturalness. Interesting further reading can be found in Refs. [100, 101].



CHAPTER 6

Conclusions and Outlook

We have introduced some of the problems in particle physics and motivated why
especially electroweak symmetry breaking is an interesting topic to study with respect
to the “guarantee” of experimental discovery of whatever the new physics may be.
Next, we have introduced technicolor in basics, the problems with technicolor and the
common notions in this field and finally the Sannino-Tuominenmodel, which solves
some of the phenomenological problems.

Then we move on and investigate the specificSU(2)-Adj. model more in depth
and construct effective theories [1] and make brief considerations on the signatures.
We compute the Feynman rules for the linearly realized effective theory, which can be
found in Appendix C. As it is seen in many places in modern particle physics, cos-
mological constraints, and here we mean constraints on darkmatter, can be used as a
supplementary guideline for the model in question. We thus construct a dark matter
candidate/component, compute what would be the relic abundance and consider the
constraints of direct detection from earth based experiments [2]. We consider both the
case of a first order electroweak phase transition and a second order one. We find, that
is plausible that our LTB dark matter candidate can constitute the whole amount of the
observed dark matter, but depending on the parameterξ, which is a weighted sum of
the ratios of lepton andnewlepton to baryon densities and also what is the exactlocal
density of dark matter in the halo. We then make a check of the thermal equilibrium
for the technibaryons and find that their masses have to be relatively low or the tem-
perature, where the sphaleron process becomes unimportanthas to be relatively high,
in order for the computation to be completely valid. Finallythe problem of unification
is considered and we have shown that it might be plausible to have unification within
the model, if we take into account that the model is not complete, in the sense that an
extension for mass generation and flavor physics has to be incorporated.

This leads to the question of where to go next. Flavor physicsand a mass generation
mechanism is one thing that would be interesting to investigate. As already mentioned,
it is an ongoing project with Fabio Maltoni and Francesco Sannino of implementing
the model into a software called MadGraph for phenomenological computations. An-
other future project which we have already started with Thomas Ryttov and Francesco
Sannino, is to use unification as a guideline to select (and discard) technicolor models
in “all” higher dimensional representations, with or without supersymmetry.

A further idea could be to make theSU(2)-Adj. modelN = 4 supersymmetric at
some higher scale. Other suggestions could be extra dimensions; e.g. in the line of the
holographic approach, which is seen in the literature.





APPENDIX A

Conventions and Identities

We use the mostly negative metric which is diag(1,−1,−1,−1) and in general the
conventions of Wess and Bagger [58].

A.1 Identities for the Weinberg Angle

g2 cos2 θw = (g2 + g′2)(1 + sin4 θw − 2 sin2 θw) (A.1)

g′2 sin2 θw = (g2 + g′2) sin4 θw (A.2)

gg′ sin 2θw = 2(g2 + g′2)(sin2 θw − sin4 θw) (A.3)

g2 sin2 θw = e2 (A.4)

g′2 cos2 θw = e2 (A.5)

gg′ sin 2θw = 2e2 (A.6)

g2 sin θw = g2 sec θw(1− sin2 θw) (A.7)

gg′ sin θw = g2 sec θw sin2 θw (A.8)

gg′ cos 2θw = eg sec θw(1− 2 sin2 θw) (A.9)

g2 sin 2θw = 2eg sec θw(1− sin2 θw) (A.10)

g′2 sin 2θw = 2eg sec θw sin2 θw (A.11)



II Conventions and Identities

A.2 Properties for Unitary Groups

SU(N):

C2(�) =
N2 − 1

2N
(A.12)

d(�) = N (A.13)

r(�) = N2 − 1 (A.14)

T (�) =
C2(�)d(�)

r
=

1

2
(A.15)

C2(Adj) = N (A.16)

C2(��) =
(N + 2)(N − 1)

N
(A.17)

d(��) =
N

2
(N + 1) (A.18)

T (��) =
C2(��)d(��)

r
=
N + 2

2
, (A.19)

wherer is the number of generators,� is the fundamental representation, Adj. is the
adjoint representation and�� is the two-index symmetric representation.

U(1):

C2(�) = Ỹ 2 (A.20)

T (�) = Ỹ 2 (A.21)

d(�) = 1 (A.22)

C2(adj) = 0, (A.23)

whereỸ is the normalized hypercharge.

A.3 Measured Electroweak Data

From the particle data group we obtain the following electroweak data

MZ = 91.1876 GeV (A.24)

αs(MZ) = 0.1176(20) (A.25)

α−1
QED(MZ) = 127.918 (A.26)

sin2(θw) ≡ s2Z = 0.23122(15) (A.27)



APPENDIX B

Generators

It is convenient to use the following representation ofSU(4)

Sa =

(
A B

B
† −A

T

)
, X i =

(
C D

D
†

C
T

)
, (B.1)

whereA is hermitian,C is hermitian and traceless,B = −BT andD = DT . TheS
are also a representation of theSO(4) generators, and thus leave the vacuum invariant
SaE + EST = 0 . Explicitly, the generators read

Sa =
1

2
√

2

(
τa

0

0 −τaT

)
, a = 1, . . . , 4 , (B.2)

wherea = 1, 2, 3 are the Pauli matrices andτ4 = 1. These are the generators for
SUV (2)× UV (1).

Sa =
1

2
√

2

(
0 B

a

B
a†

0

)
, a = 5, 6 , (B.3)

with
B5 = τ2 , B6 = iτ2 . (B.4)

The rest of the generators which do not leave the vacuum invariant are

X i =
1

2
√

2

(
τ i

0

0 τ iT

)
, i = 1, 2, 3 , (B.5)

and

X i =
1

2
√

2

(
0 D

i

D
i†

0

)
, i = 4, . . . , 9 , (B.6)

with
D4 = 1 , D6 = τ3 , D8 = τ1 ,
D5 = i1 , D7 = iτ3 , D9 = iτ1 .

(B.7)

The generators are normalized as follows

Tr
[
SaSb

]
= Tr

[
XaXb

]
=

1

2
δab , Tr

[
X iSa

]
= 0 . (B.8)





APPENDIX C

Feynman Rules for the
SU(2)-Adj. Model

The convention used here is that the Goldstone bosons of the theory are incoming
states so it holds from left to right, that the technibaryon number is conserved (zero).
The gauge bosons are outgoing states.

�pµ

p′µ

ΠUU

ΠUU

Zµ =
g

2
sec θw

(
1− i2 sin2 θw(1 + y)

)
(p− p′)µ (C.1)

�pµ

p′µ

ΠUD

ΠUD

Zµ = −igy sec θw sin2 θw(p− p′)µ (C.2)

�pµ

p′µ

ΠDD

ΠDD

Zµ = −g
2

sec θw

(
1− i2 sin2 θw(1 − y)

)
(p− p′)µ (C.3)



VI Feynman Rules for theSU(2)-Adj. Model

�pµ

p′µ

Π0

σ

Zµ =
ig

2
sec θw(p− p′)µ (C.4)

�pµ

p′µ

Π−

Π+

Zµ = ig sec θw sin2 θw(p− p′)µ (C.5)

�pµ

p′µ

ΠUU

ΠUU

Aµ = e(1 + y)(p− p′)µ (C.6)

�pµ

p′µ

ΠUD

ΠUD

Aµ = ey(p− p′)µ (C.7)

�pµ

p′µ

ΠDD

ΠDD

Aµ = −e(1− y)(p− p′)µ (C.8)

�pµ

p′µ

Π−

Π+

Aµ = −e(p− p′)µ (C.9)



VII

�pµ

p′µ

ΠUU

ΠUD

W+µ = −g
2
(p− p′)µ (C.10)

�pµ

p′µ

ΠUD

ΠDD

W+µ = −g
2
(p− p′)µ (C.11)

�pµ

p′µ

Π0

Π+

W+µ = −g
2
(p− p′)µ (C.12)

�pµ

p′µ

σ

Π+

W+µ = − ig
2

(p− p′)µ (C.13)

�pµ

p′µ

ΠUD

ΠUU

W−µ = −g
2
(p− p′)µ (C.14)

�pµ

p′µ

ΠDD

ΠUD

W−µ = −g
2
(p− p′)µ (C.15)



VIII Feynman Rules for the SU(2)-Adj. Model

�pµ

p′µ

σ

Π−

W−µ = − ig
2

(p− p′)µ (C.16)

�pµ

p′µ

Π0

Π−

W−µ =
g

2
(p− p′)µ (C.17)

�
ΠUU

ΠDD

W+µ

W+µ

= −2g2 (C.18)

�
ΠDD

ΠUU

W−µ

W−µ

= −2g2 (C.19)

�
ΠUU

ΠUU

W+µ

W−µ

= −g
2

2
(C.20)

�
ΠUD

ΠUD

W+µ

W−µ

= −g2 (C.21)



IX

�
ΠDD

ΠDD

W+µ

W−µ

= −g
2

2
(C.22)

�
σ

σ

W+µ

W−µ

= −g
2

2
(C.23)

�
Π+

Π−

W+µ

W−µ

= −g
2

2
(C.24)

�
Π0

Π0

W+µ

W−µ

= −g
2

2
(C.25)

�
ΠUU

ΠUU

Zµ

Zµ

= −2(g2 + g′2)

(
4− 1

2 sin2 θw(4 + y)

+ 2 sin4 θw(4 + 5y + 4y2)

) (C.26)

�
ΠUD

ΠUD

Zµ

Zµ

= −16(g2 + g′2)y2 sin4 θw (C.27)



X Feynman Rules for theSU(2)-Adj. Model

�
ΠDD

ΠDD

Zµ

Zµ

= −2(g2 + g′2)

(
4− 1

2 sin2 θw(4− y)

+ 2 sin4 θw(4− 5y + 4y2)

) (C.28)

�
σ

σ

Zµ

Zµ

= −4(g2 + g′2)

(
1− 3

2
sin2 θw +

3

2
sin4 θw

)
(C.29)

�
Π+

Π−

Zµ

Zµ

= −2(g2 + g′2)
(
2− 5 sin2 θw + 5 sin4 θw

)
(C.30)

�
Π0

Π0

Zµ

Zµ

= −4(g2 + g′2)

(
1− 3

2
sin2 θw +

3

2
sin4 θw

)
(C.31)

�
ΠUU

ΠUU

Aµ

Aµ

= −4e2
(
4 + 5y + 4y2

)
(C.32)

�
ΠUD

ΠUD

Aµ

Aµ

= −16y2e2 (C.33)



XI

�
ΠDD

ΠDD

Aµ

Aµ

= −4e2
(
4− 5y + 4y2

)
(C.34)

�
σ

σ

Aµ

Aµ

= −6e2 (C.35)

�
Π+

Π−

Aµ

Aµ

= −10e2 (C.36)

�
Π0

Π0

Aµ

Aµ

= −6e2 (C.37)

�
ΠUU

ΠUD

W+µ

Zµ

= g2 sec θw

(
−1 + sin2 θw(y + 1)

)
(C.38)

�
ΠUD

ΠDD

W+µ

Zµ

= g2 sec θw

(
1 + sin2 θw(y − 1)

)
(C.39)



XII Feynman Rules for the SU(2)-Adj. Model

�
σ

Π+

W+µ

Zµ

= − ig
2

2
sec θw sin2 θw (C.40)

�
Π0

Π+

W+µ

Zµ

= −g
2

2
sec θw sin2 θw (C.41)

�
ΠUD

ΠUU

W−µ

Zµ

= g2 sec θw

(
−1 + sin2 θw(y + 1)

)
(C.42)

�
ΠDD

ΠUD

W−µ

Zµ

= g2 sec θw

(
1 + sin2 θw(y − 1)

)
(C.43)

�
σ

Π−

W−µ

Zµ

=
ig2

2
sec θw sin2 θw (C.44)

�
Π0

Π−

W−µ

Zµ

= −g
2

2
sec θw sin2 θw (C.45)



XIII

�
ΠUU

ΠUD

W+µ

Aµ

= −eg(y + 1) (C.46)

�
ΠUD

ΠDD

W+µ

Aµ

= −eg(y − 1) (C.47)

�
σ

Π+

W+µ

Aµ

=
i

2
eg (C.48)

�
Π0

Π+

W+µ

Aµ

=
1

2
eg (C.49)

�
ΠUD

ΠUU

W−µ

Aµ

= −eg(y + 1) (C.50)

�
ΠDD

ΠUD

W−µ

Aµ

= −eg(y − 1) (C.51)



XIV Feynman Rules for theSU(2)-Adj. Model

�
σ

Π−

W−µ

Aµ

= − i
2
eg (C.52)

�
Π0

Π−

W−µ

Aµ

=
1

2
eg (C.53)

�
ΠUU

ΠUU

Zµ

Aµ

= −eg sec θw

(
2 + y − 8 sin2 θw(2 + 3y + 2y2)

)
(C.54)

�
ΠUD

ΠUD

Zµ

Aµ

= −4egy2 sec θw sin2 θw (C.55)

�
ΠDD

ΠDD

Zµ

Aµ

= −eg sec θw

(
2− y − 8 sin2 θw(2− 3y + 2y2)

)
(C.56)

�
σ

σ

Zµ

Aµ

= −1

2
eg sec θw

(
1− 2 sin2 θw

)
(C.57)



XV

�
Π+

Π−

Zµ

Aµ

= −3

2
eg sec θw

(
1− 2 sin2 θw

)
(C.58)

�
Π0

Π0

Zµ

Aµ

= −1

2
eg sec θw

(
1− 2 sin2 θw

)
(C.59)

�
σ

σ

σ

σ

= −6(λ+ λ̃) (C.60)

�
Π−

Π+

Π−

Π+

= −4(λ+ λ̃) (C.61)

�
Π0

Π0

Π0

Π0

= −6(λ+ λ̃) (C.62)

�
Πi

Πī

Πj

Πj̄

= −2

(
(1 + δij)λ + 2 (1 + δij(δiUU + δiDD))

× (1− δiUU δjDD − δiDDδjUU )λ̃

)

with i, j = UU,UD,DD

(C.63)



XVI Feynman Rules for theSU(2)-Adj. Model

�
Πi

Πī

Π−

Π+

= −2
(
λ+ 2

(
1 + 3

2δiUD

)
λ̃
)

with i = UU,UD,DD
(C.64)

�
Πi,Π−

Πī,Π+

σ

σ

= −2(λ+ λ̃) with i = UU,UD,DD (C.65)

�
Πi,Π−, σ

Πī,Π+, σ

Π0

Π0

= −2
(
λ+ (1 + 2 (δiUU + δiDD)) λ̃

)

with i = UU,UD,DD
(C.66)

�
ΠUD

ΠUU

ΠDD

ΠUD

= −4λ̃ (C.67)

�
Π+

ΠDD

Π−

ΠUU

= −4λ̃ (C.68)

�
Π+

ΠDD

Π0

ΠUD

= −2λ̃ (C.69)



XVII

�
Π−

ΠUU

Π0

ΠUD

= −2λ̃ (C.70)

�Π0, σ

ν̄e

νe

=

{
iYlepton−U for Π0

−Ylepton−U for σ
(C.71)

�Π−

ν̄e

e−

= i
√

2Ylepton−U (C.72)

�Π0, σ

e+

e−

=

{
−iYlepton−D for Π0

−Ylepton−D for σ
(C.73)

�Π+

e+

νe

= i
√

2Ylepton−D (C.74)

�Π0, σ

ū

u

=

{
iYquark−U for Π0

−Yquark−U for σ
(C.75)



XVIII Feynman Rules for the SU(2)-Adj. Model

�Π−

ū

d

= i
√

2Yquark−U (C.76)

�Π0, σ

d̄

d

=

{
−iYquark−D for Π0

−Yquark−D for σ
(C.77)

�Π+

d̄

u

= i
√

2Yquark−D (C.78)
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